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Abstract

Given the evidence of peer pressure impacting human decision-making and the fact that
growing online social networks now make us more connected than ever, further advances are
needed and become possible to enable accurate causal analyses in the presence of network ef-
fects. Separating the challenges of dependent self-selection and interference in network settings,
once can distinguish three groups of program evaluation problems: those with dependent self-
selection but no interference, those with interference but no dependent self-selection, and those
with both. This paper outlines a new research agenda for quantifying the effects of social net-
work dependencies on self-selection by advancing the theories and applications of two research
areas - Exponential Random Graph Modeling and “propensity score” based observational causal
inference.

The paper then reports on the design and results of a feasibility study where the expanded
propensity score-based causal inference method is applied to the Framingham Heart Study
dataset of socially connected individuals; the query of interest is the causal effect of smok-
ing on BMI (weight indicator). The paper covers the steps taken in data pre-processing, social
network clustering, ERGM parameter estimation experiences, evaluation of expanded propensity
scores, and estimation of average treatment effects. In this investigation, it is established that
new stable-network ERGMs can successfully inform the expanded propensity score estimation.
Moreover, causal analyses with and without blocking the network effects are found to produce
different causal estimates, indicating that the network structure is indeed a confounding factor
in causal analyses in connected communities.

1 Introduction and Motivation

The paper presents a new research agenda towards enabling program effectiveness evaluation based
on observations from a social network of human subjects, self-selecting themselves for treatment.
The research explores the impact that social network effects may have on voluntary participation
of connected units in a community-wide program. Understanding the network-induced dependent
self-selection could help distill peer influence mechanisms, accurately evaluate program casual effects
and inform planning of program dissemination activities.

Under the premise that connected units make/revise their individual decisions, reacting to the
influence form their peers, the paper explores how exponential random graph modeling and propen-
sity score estimation can be combined to advance program evaluation research in network settings.
We present the new approach that incorporates network-based measures into propensity score the-
ory, accommodating, and under reasonable assumptions, separating network effects from individual
effects in explaining units’ program participation decisions.
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1.1 Background: Program Evaluation

The problem of program/policy evaluation has received much attention from theoreticians and
applied scientists. A broadly stated program evaluation question is: “What is the effect of a
program on participants and nonparticipants compared to no program at all or some alternative
program?” An excellent in-depth coverage of decision problems in policy analysis is offered in the
Noble Prize lecture by Heckman (2000).

Multiple research domains have addressed the facets of the program evaluation challenge. One such
domain, originating from the works of Rubin and Rosenbaum, focuses on making inference from
limited data obtained by observation (Rubin, 1973, 1977, 1979, 1980; Rosenbaum and Rubin, 1983;
Rosenbaum, 1989, 1991). Observational data are more often available to researchers compared
to data collected in randomized experiments. Numerous research efforts relied on observational
data in micro econometrics (LaLonde, 1986; Heckman et al., 1998, 1999; Heckman and Vytlacil,
2001), political science (Herron and Wand, 2007; Imai, 2005; Sekhon, 2008), medicine (Rubin, 1991;
da Veiga and Wilder, 2008), and psychology (Reinisch et al., 1995), among others.

Selection bias is the root of the challenge of evaluating causal effect, i.e., the effect of a program
isolated from that of confounding factors (Heckman, 2000). Such confounding factors are typically
represented by the covariates of units under study that by default differentiate the units in the
entire population, and hence, the outcomes measured on them. Selection bias arises when (poten-
tial) individual outcomes over the underlying population of interest are only partially observed or
whenever a rule other than simple random sampling is used to sample the population.

Self-selection bias arises in the estimation of causal effects of programs/treatments from limited ob-
served data, when study participants select themselves for treatment. Self-selection makes it difficult
to establish causation, and complicates research about programs or products (Jacobs et al., 2009).
The challenge of non-random sampling is exacerbated when evaluating causal effects in networked
communities, in the presence of explicit dyadic dependencies between individuals. For example, in
enrolling into an extracurricular program at school, students’ subjective views of the program and
the decisions to participate in it may in large part depend on the respective views/decisions of their
friends (in addition to individual preferences that can be explained by their covariates).

1.2 Background: Peer Effects and Social Network Analysis

A growing body of literature on peer effects aims at measuring the induced effect of connection on
the individual behavior and decisions (Jackson, 2010; Aral et al., 2009; Zimmerman, 2003). These
types of dependencies that may define “peers” include friendly relationships, roommates, classmates,
colleagues, neighbor etc. One class of peer effect studies encompasses mathematical models of long
run behaviors/equilibria of social interactions of peer groups (Jackson, 2010). The other focuses
on the identification and estimation of peer effects. Among such investigations, peer pressure in
adolescent communities has long been an important topic of research (Bauman and Ennett, 1996;
Fletcher et al., 1995). Studies of homophily and contagion effects on health-related decisions are
most notable among them (Fowler and Christakis, 2010; Christakis and Fowler, 2008, 2007).

Researchers have begun to approach the problem of estimating casual effects (Oakes, 2004) of
the peer influence (also known as neighborhood effects or social capital) in the 1990 (Heckman
et al., 1998). Many agree that randomized control trials, in which peer effect can be blocked,
are practically difficult to stage; these reasons are well illustrated by the statement of Jencks and
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Mayer (1990) who studied segregation and the social environment in poor neighborhoods: “... the
best way to estimate neighborhood effects would be to conduct controlled experiments in which
we assigned families randomly to different neighborhoods, persuaded each family to remain in its
assigned neighborhood for a protracted period, and then measured each neighborhood’s effect on the
children involved”. Recent studies (Sampson, 1968) managed to assess the statistical significance of
peer effects by pure observation (Jaccard et al., 2005; Mouw, 2006) and by large-scale experiments
(Aral and Walker, 2011; Carrell et al., 2008). In all these cases, network effects have been found
significant in explaining participants’ decisions; however, no-question-based method relating peer
effects with underlying network structure yet exists. Note that most peer effects investigations
considered problems where exist dependency structures between the studied units were unknown
(Heckman et al., 1998), while many other faced problems where networks were themselves perturbed
by evaluated phenomena (Aral et al., 2009). Such complex settings make the task of isolating
network effects especially difficult to approach.

The branch of literature on peer effects have been developing in the parallel with the advances in
social network analysis (SNA) (Scott and Carrington, 2011; Zimmerman, 2003). The SNA com-
munities use graphs as a convenient way of representing multidimensional relational data. Nodes
and edges of a graph can contain information in the form of attributes. Then, the graph is called
attributed. Central of the SNA research is the notion of local neighborhood. It is motivated by the
notion that the decisions/outcomes of an individual directly depend only on the decision/outcomes
of such other individuals that are close to them. Exact definition of a local neighborhood may vary
across problem. It is typically defined based on elementary graph-based structures that represent
pairwise and higher-order network dependencies, akin to the model terms in regression analysis.
SNA metrics, models and methods have designed for the study of properties of graphs and making
inference about connected social units (Freeman, 1979; Hinde, 1976; Bonacich, 1972; Luce and Perry,
1949; Handcock et al., 2003; Snijders et al., 2010; Butts, 2008; Leskovec et al., 2010). Much attention
in this work has been paid to describing network formation, i.e. creating models of networks (Watts
and Strogatz, 1998; Albert and Barabási, 2002; Robins et al., 2007). The most notable effects em-
phasizing individual differences between network actors employed exponential random graph models
of network formation and longitudinal actor-oriented and event oriented model (Snijders et al., 2010;
Butts, 2008).

A gap between program evaluation and peer effects investigations, which this research seeks to fill,
is that of explaining behavior on networks. In particular, it would be beneficial to identify the
effects of the network structure on decision-making under the assumption that the studied units
are embedded in a known stable network, the decision of the units participating in an evaluated
program can be viewed as self-assigned treatments and studied within the conventional framework of
potential outcomes(Rubin, 2005; Lindquist and Sobel, 2011), used in observational casual inference.

1.3 Background and Terminology: Casual Inference with Observational Data

For unit u, let Y 1
u (Y 0

u ) denote a treated (untreated) outcome, Tu a treatment/participation indicator
(1 means treated, 0 means not treated), and Xu = {X1u, X2u, ...., XKu} a vector of values for
K covariates. In both experimental and observational settings, a population of units is under
consideration. For a particular unit u, the causal effect of the treatment (relative to the control)
is defined as the difference in outcomes that would result from receiving and not receiving the
treatment, Y 1

u −Y 0
u . The fundamental problem of causal inference is that it is impossible to observe

both values Y 1
u and Y 0

u on the same unit u (Holland, 1986) (e.g., a person either smokes or does not

3



smoke). The outcome of an observation of a unit is termed the observed response, TuY
1
u +(1−Tu)Y 0

u .
The Rubin causal model (Rubin, 1974, 1978) conceptualizes this causal inference framework so
that the response under either treatment or control, but not both, needs to be observed for each
unit. That is, one statistical solution to the fundamental problem of causal inference is to shift
to an examination of an average causal effect over all units in the population, E(Y 1

u − Y 0
u ) =

E(Y 1
u )−E(Y 0

u ),where E(Y 1
u ) is computed from the treatment group and E(Y 0

u ) is computed from
the control group.

An important consideration is how one determines which units will inform the values of Y 1
u and Y 0

u .
In an observational study, one observes some pool of units who have received a treatment, giving
E(Y 1

u |T = 1), and some pool of units who have not received this treatment, giving E(Y 0
u |T = 0).

In general, E(Y 1
u ) 6= E(Y 1

u |T = 1) and E(Y 0
u ) 6= E(Y 0

u |T = 0). The two treatment effects that
are typically used in practical studies are the average treatment effect (ATE), E(Y 1

u − Y 0
u ), and

average treatment effect for the treated (ATT ), E(Y 1
u |T = 1) − E(Y 1

u |T = 1). If exposure to
treatment (T = 1) or control (T = 0) is statistically independent of response and covariate values,
then the units have been properly randomized into treatment and control pools, rendering ATE
and ATT to be the same. This situation is not typically the case in observational studies since
units are not randomly placed into treatment and control pools. Instead ATT = E(Y 1

u |T = 1) −
E(Y 1

u |T = 1) = E(Y 1
u |T = 1) − E(Y 1

u |T = 0) + β, where self-selection bias is present, defined as
β ≡ E(Y 0

u |T = 0)− E(Y 0
u |T = 0).

Confounding effect contributing to the bias may exist in a dataset due to both observed (those
reflected in the dataset) and unobserved covariates. Dealing with unobservable covariates is a
fundamental challenge for causal inference and requires additional information to supplement the
available data, whereas the effects of observed covariates can be isolated by data post-processing.

Among conventional methods for observational causal inference, the most notable is based on the
idea of matching. Matching is a procedure that involves dropping/repeating/grouping observations
from a given dataset to ensure that the empirical distributions of the observed covariates over
the compared treatment/control (participant/nonparticipant) groups are identical, in which case
the two groups are called ”balanced” (Imbens, 2000; Rubin, 2006; Abadie and Imbens, 2006). As
such, the non-random nature of self-selection forces program evaluation to rely only on matching,
implemented after the participation decisions have been made and serves as a tool for reducing bias
due to observable covariates.

The most widely-used matching methods are Mahalanobis distance based matching (Rubin, 1980)
and propensity score (PS) based matching (Rosenbaum and Rubin, 1983). Mahalanobis distance
matching directly matchs covariates of individuals. However, PS based matching does that indi-
rectly. It is found that PS is more robust than Mahalanobis distance based matching. Propen-
sity score is defined as the probability of an individual in a population to participate in the pro-
gram, or in other words, be self-selected to receive treatment. Given a dataset, propensity scores
P (Tu = 1|Xu = X

′
u) of units (u) in the underlying population can be estimated via regression with

the observed treatments and covariates. Having selected a suitable regression model, one can use
the resulting propensity scores as the weights associated with observed unit responses to estimate
ATE or conduct matching of the propensity scores to estimate ATT (Rosenbaum and Rubin, 1983;
Abadie and Imbens, 2002), and investigate the properties of estimator variances (Abadie, 2002;
Abadie and Imbens, 2006; Caliendo and Kopeinig, 2008; Tu and Zhou, 2002).

While the propensity score based approach remains the primary inference tool for the majority
of observational scientists, some alternative methodologies have been recently proposed. Recently,
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Balance Optimization Subset selection approach has been developed for causal inference with obser-
vational data relying on explicit balance optimization (Nikolaev et al., 2013; Cho et al., 2011) [106].
The approach re-casts the problem of matching individual units into a subset selection problem
that can be tackled by specially-designed discrete optimization algorithms on an aggregate, group
level (Abadie and Imbens, 2006; Abadie and Gardeazabal, 2003). Other recent work on improving
matching procedure included attempts to streamline the process of match - check balance adjust
and repeat as needed by using a genetic algorithm (Diamond and Sekhon, 2013; Sekhon, 2008) and
the introduction of the notion of fine balance, which refers to exactly balancing a nominal variable,
often one with many categories, without trying to match individuals on this variable (Rosenbaum
et al., 2007).

Conventional methods for observational causal inference cannot be directly applied to study con-
nected communities. Peer effects literature reports that in network settings, one key assumption
commonly made within the potential outcomes framework does not hold: it is the assumption of
conditional ignorability, stating that conditional on covariates, potential outcomes are independent
of treatments. However, the fact that social networks have well-defined and known dyadic structure
of units dependencies might help enable accurate inference.

1.4 Network Effects in Program Evaluations: Challenges and Opportunities

The network context creates new challenges for program evaluation research. It implies that both
program participation and outcomes in a population may depend, in a structured way (through
dyadic relationships), not only on the real-valued covariates of individuals but also on the neighbor-
hoods in which in the individuals are embedded. Both the structure of connection to and between
their neighbors and those neighbors’ covariates, program participation and outcomes.

Social interaction is a major source of bias in studies with connected human subjects (Holland,
1986). Two distinct types of peer effects, relevant in the program evaluation context, can be
distinguished: one is dependent self-selection and the other is inference. Using the causal inference
terminology, dependent self-selection implies dependent treatment assignments. In turn, inference
implies treating some units may affect the outcomes of other units (Sobel, 2006; Hudgens and
Halloran, 2008). For example, vaccine given to an individual may prevent others around them from
being infected, by hampering the decrease transmission over the contact network (Halloran and
Struchiner, 1995; David and Kempton, 1996). Under interference, the stable Unit Treatment value
assumption, fundamental for the potential outcomes framework is violated (Cox, 1958; Rubin, 1978,
1980).

Program evaluation problem instances on social networks can be split into three groups: those with
dependent self-selection but interference, those with interference but no dependent self-selection,
and those with both. Each problem instance must be treated individually to determine which group
it belongs to. Consider the following illustrative examples.
Example 1: A weight loss program is introduced to a workplace community. Some community sign
up, and in two methods. Their outcomes are compared against the rest of the community to assess
the program’s effectiveness.
Example 2: A farmer uses an insecticide on several plots of his land (but not all). After the season,
he looks to evaluate the insecticide by comparing the yield from the treated vs. untreated plots.
Example 3: An extracurricular SAT course is offered to the seniors in a local high school. The
students share opinions about the program prior to enrolling, and some eventually enroll. A year
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later, policy maker contemplates about expanding the program, looks to evaluate programs effect on
its participants, based on the observed SAT scores of the students at the test school..

In Example 1, one has to deal with dependent self-selection, whereas interference is unlikely: adults
watching their weight are known to tend to go to a gym and maintain diet on an individual basis. In
Example 2, the treatments are given (there is no self-selection); however, interference arises, since
applying the insecticide to one plot may reduce the number of insects on the adjacent plots. In
Example 3, dependent self-selection and interference are both present: students are likely to both
persuade each other to take or skip the course in groups, and also, study together.

It is undesirable to begin building program evaluation theory on networks by simultaneously address-
ing dependent self-selection and interference challenges, because of the difficulty in separating their
induced influences. As explained above, dependent self-selection and interference violate assump-
tions of different meanings and magnitudes, and hence the effect of each can be better interpreted
in isolation from each other. Meanwhile, focusing the attention exclusively on self-selection on
networks serves a well-defined purpose: understanding peer pressure impact with respect to a spe-
cific causal query/program: e.g. a friendship network can impose different influences on the same
high school students as they make decisions about choosing a mobile brand vs enrolling into an
after hours program/class. Quantification of peer pressure, captured by network structure, would
help address the questions of peer pressure, captured by network structure, would help address the
questions:

(1) How importance the observations of network structure are for human subjects research?

(2) What elements of this structure are critical for maintaining peer pressure with respect to a given
problem?

(3) What measures are the best suited for evaluating a total impact of a program on a connected
community?

(4) How the results of a program, studied on one network, can be extrapolated to other networks?

(5) What dissemination strategy is the most effective for a program?

2 Research Objectives

The objective of this research is to enable accurate program evaluation based on observations from
a social network of human subjects, by understanding the impacts of network-based self-selection
on program participant pool and consequently, program effect on the population.

The idea of quantifying network effects and removing their bias in causal investigations for programs
with voluntary participation is the central to this research. In order to quantify the relationship
between the network structure and program evaluation. It is assumed that the program exposed
population forms a stable connection structure, which in not influenced by the decisions of non-
participant decisions. The described setup is justified in various circumstances:

(1) people enrolling into educational programs

(2) buying “Groupon”

(3) responding to online surveys and research participation advertisements
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(4) following online blogs

(5) installing energy-saving appliances

(6) turning out for elections, etc.

Observe that the program outcomes in these described settings are individual-based: once one
decides to participate in such programs, the resulting intellectual skills or electricity savings in
one’s individual gain; A groupon holder applies the discount only to their own dinner; a person
casts his/her vote independently of others showing up at the booth; Once enrolled, one will respond
to paid survey with their own opinions etc. Observe also that, while people learn about various
programs from friends and family members, and make participation decisions collectively, they do
not tend to make or lose friends over participation in most programs. Relying on this logic, a special
attention is paid to studying network influence on decision-making in the settings where dependent
self-selection is present and interference is not.

By identifying network-based confounding factors, we propose expansion of the concept of propensity
score which depends on individual covariate and network covariate. In order to extend the propensity
score based analytical toolbox to be used in social network settings. We develop an approach to
estimate propensity scores from conditional distribution of treatment given individual covariate and
social network. We called it “expanded propensity score”. Using the expanded propensity score,
we have designed estimators newly defined program/policy effect measures on social networks. To
summarize, we provided a foundation for designing program effect estimation theory based on
observational network data, and creates a methodological toolbox for the benefit of the scientific
communities engaged in studies for peer effects and program/policy evaluation planning.

3 Distilling Network Effect Ingredients

Dependencies between social network actors have been examined in studies of network formation and
peer effects (Jackson, 2010; Aral et al., 2009; Zimmerman, 2003). The roots of collective processes
lie in in sociology/communication theories, competing against and reinforcing each other. Cognitive
theories, contagion theories, theories of (mutual) self-interest, homophiles, social balance rely on
the mechanisms that can be expressed by such measures as reciprocation, transitivity, cyclicality,
centralization and so on (Monge and Contractor, 2003; Contractor et al., 2006). These measures
depend on observable patterns of network ties and actors’ individual covariates. Each distinct
pattern can be decomposed into and quantified by the count of network ingredients, known as
“Network statistics”. This approach has been successful in network formation modeling (Snijders
et al., 2010; Robins et al., 2007); we proposed to extend its use to quantify decision-making on
networks. To the end, special network statistics can be used to expresses the dependencies between
program participation decisions of connected units, their covariates and the network statistics.

Fig. 1 depicts a friendship network of boys and girls responding to an extracurricular school pro-
gram. In order to explain the dependencies in the students’ self-selection into the program, one can
use network statistics. The count of the first network statistics in the Fig. 1 informs one about how
much friends tend to participate in the program together, independent of the gender. The second
count quantifies how often boyfriends make some participation decision. The third one indicates
if boys tend to conform to the decision agreed upon by two of their friends. The vector of counts
for these and other network statistics in a given network distinguishes the observed mechanisms.
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Figure 1: Example Network statistics for representing participation decision dependence

One can also investigate which network statistics are significant in exploring the variation in par-
ticipation. Given a unit with a known covariate vector, embedded in a fully specified neighborhood
in an observed network, the unit’s program participation propensity can be evaluated based on a
set of pre-selected network statistics. Having identified informative network statistics for a given
problem, one can proceed with addressing program evaluation queries on networks.

4 Program Effect Evaluation: Focusing on the Participant Pool

The idea of using propensity score to remove bias in conventional, non-network based, treatment
effect estimation has seen much success. However, in the presence of network effects, re-establishing
the value of the idea requires care.

Under the non-inference assumption, the conventional average treatment effect (ATE) does not
depend on the structure of the network, in which the studied units are embedded: this is because
ATE is defined as the difference between the average outcomes in the situation where all the units
are treated and the situation where none is (i.e. participant decision are pre-determined).Hence,
For the same program, ATE should always turn out the same when the estimated for different
networks. This observation provides good intuition for the reasons why causal inference theory on
networks need to be revised: otherwise, since the treatment groups do not turn out different in
the different networks (because of peer pressure), the respective ATE estimates would turn out
different.

Continuing the decision of potential quantities of interest, observe that the network structure plays
a significant role in defining the average treatment effect on the treated, ATT and on the untreated
ATUT (with ATE = P (T = 1)ATT + P (T = 0)ATUT , where P (T = 1) is the probability of the
treatment for a randomly selected unit in the population). As such, ATT (ATUT ) should turn out
different for the same program on different network, because the program participant formation is
in part driven by the units’ connections. Note also, that since the participant pool depends on the
network structure, ATT itself does not provide the same information about the program as in the
case with independent participant decisions (where participant reason might be unknown but fixed
for any individual). In other words, the success of a voluntary program in large part depends on the
program’s engagement/reach. Consider a program have a large average effect on the treated but
engaging only a few potential participants. The same program disseminated on a different network,
or even advertised differently on the same network may be end up having a smaller average effect
on the treated while engaging a larger part of population. This motivates to incorporate network
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covariate in propensity score. The estimands, we are going to focus on in this research are
(1) ATE = Eu(Y 1

u − Y 0
u ) and

(2) ATT = Eu(Y 1
u − Y 0

u |Tu = 1)
To estimate ATE and ATT , we need to redefine the propensity score which we called ‘expaned
propenstiy score’. It is explained in the following section in detail.

5 Expanding the Reach of Propensity Score Concepts to Network
Settings

The estimation of network-dependent program effects can be approached by expanding the concept
of propensity score, i.e. explicitly incorporating network effects into it. The foundation of the
expanded propensity score theory begins with its definition.

Definition 1 (Expanded propensity score) For a given u, the expanded propensity score is defined
as the probability that u receives treatment, given its individual covariate vector Xu and set Nu

that includes the treatment indicators and covariates of all the units in the local neighborhood of
u,

eu = eu(Xu, Nu) = P (Tu = 1|Xu, Nu). (1)

The revised assumption of strong ignitability of treatment, originally started in the seminal work
by Rosenbaum and Rubin (1983), can now be formulated.
Assumption 1 (Strong Ignorability): Consider a population of all the units under study embedded
into a network with a fixed structure. For any feasible vector of observed neighborhood variable
value Nu assume,

(Y 1
u , Y

0
u )
∐

Tu|(Xu, Nu), (2)

and 0 < P (Tu = 1|Xu, Nu) < 1. (3)

Expression 2 implies that the outcomes of any unit u are independent of its treatment, given the
unit’s observed covariates values and its observed local neighborhood variable values. The symbol
‘
∐

’ signifies conditional independence (Dawid, 1979). This means that the observed covariates of
u together with the observed treatment indicators and covariate of all the u’s neighbors (the units
in the local neighborhood of u) include all the information, dependent on the treatment assignment
Tu, that have causal effects on the response Y 1

u and Y 0
u . Expression 3 implies that each unit with a

given set of its covariate and neighborhood variable values is assumed to have a positive probability
of appearing in either the treatment group or control group.
Theorem 1 (Unbiased Estimation of ATE from a large Sample) Under assumption 1, one has

Eu(Y 1
u |eu(Xu, Nu), Tu = 1) = Eu(Y 1

u |eu(Xu, Nu))

Eu(Y 1
u |eu(Xu, Nu), Tu = 0) = Eu(Y 0

u |eu(Xu, Nu))

and hence,

Eeu(Xu,Nu)

(
Eu(Y 1

u |eu(Xu, Nu), Tu = 1)− Eu(Y 0
u |eu(Xu, Nu), Tu = 0)

)
=

Eeu(Xu,Nu)

(
Eu

(
Y 1
u |eu(Xu, Nu)

)
− Eu

(
Y 0
u |eu(Xu, Nu)

))
= Eu

(
Y 1
u |eu(Xu, Nu)

)
(4)

giving the ATE. Similarly, by identifying the units from the control pool whose expanded propensity
score values most closely match the expected propensity score values of each of the treated or
untreated units, one will arrive at the unbiased estimators of ATT .
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The expanded propensity score generalized the conventional propensity score of Rosenbaum and
Rubin (1983) by incorporating the explicit unit dependency structures captured as Nu. Importantly,
if no network-induced or other types of dependence exists between units, then (1) reduces to the
definition of the conventional propensity score. But in general, the expanded propensity score of
unit u is defined to be a function of Nu, which includes the treatment indicators and covariates in
the local neighborhood of Nu. Thus, different units’ propensity scores are dependent.

In order to show how the expanded propensity score can be estimated and used, a feasibility study
is reported next. Its description begins with the overview of the data obtained over the course of
the Framingham Heart Study.

6 Analysis of the Framingham Heart Study Data

6.1 FHS Overview

The Framingham Heart Study (FHS) data is a well-known dataset, which contains social network
information as well as a large number of individual covariates characterizing the study participants.
The data for the study have been collected since 1948. The study was initiated with 5,209 people
in Framingham, MA, who were enrolled into the ‘Original Cohort’ (Dawber, 1980). In 1971, the
‘Offspring Cohort’, composed of many of the children of the Original Cohort, and their spouses,
was enrolled (Feinleib et al., 1975). The examinations took place during 3-year periods centered
in 1973, 1981, 1985, 1989, 1992, 1997, and 1999 (Christakis and Fowler, 2007). This cohort of
5,124 people has had almost no loss to follow-up other than due to death. Christakis and Fowler
(2013) present multiple statistics of the offspring cohort. In 2002, enrollment of the so-called ‘Third
Generation Cohort’ began, consisting of 4,095 of the children of the Offspring Cohort. The study
has also involved certain other smaller cohorts. Participants in all the cohorts come to a central
facility for detailed physical examinations and data collection every 24 years.

For many decades, the FHS has maintained handwritten tracking sheets that administrative person-
nel have used to identify people close to participants for the purpose of facilitating follow-up. These
hand written documents were migrated into a digital database later on. Based on these database,
the social network of participants was constructed.

The FHS recorded complete information about all the first-order relatives (parents, spouses, siblings,
children), whether alive or dead, and also about at least one “close friend” of each participant
(using the questions like “please tell us the name of a close friend, to whom you are not related”,
“with whom you are close enough that they would know where you are if we can’t find you”). This
information was collected at each of the seven exams between 1971 and 2003. Detailed home address
information was also captured at each time point. The information about place of employment at
each wave allowed for the identification of ties to coworkers within the network (by observing whether
two people worked at the same place at the same time).

Over the course of the follow-up, the participants spread out across the USA, but they nevertheless
continued to participate in the FHS. As a person’s family changed because of birth, death, marriage,
or divorce, and as their contacts changed because of residential moves, new places of employment,
or new friendships, this information was captured. For any given ‘ego’ (the person of interest) in
the data, a particular ‘alter’ (a person who has a relationship with the ego) may usually be placed
in one category: spouse, sibling, parent, friend, and so on; although, sometimes, multiple categories
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were allowed (for example, a coworker or neighbor might be a friend or sibling).

In the offspring cohort, any person to whom these subjects were linked in any sort of relationship
in any of the FHS cohorts, including the Offspring Cohort itself, can serve as alters. In total, there
were 12,067 egos and alters across all the cohorts of the FHS who were connected at some point
during 1971 to 2003. There are ties among the individuals both inside and outside the sample. For
example, an ego might be connected to two siblings, one of whom was also a participant in the FHS
and one of whom was not. For those who were also participants, we could observe their attributes
(for example, their health status) longitudinally. Overall, as of 2009 and wave 7 of data collection,
there were 53,228 observed familial and social ties to the 5124 subjects observed at any time from
1971 to 2009, yielding an average of 10.4 ties per subject within the network (not including ties to
residential neighbors). Fully 83% of subjects’ spouses were also in the FHS and 87% of subjects
with siblings had at least one sibling in the FHS.

Christakis and Fowler (2007) identified spouses, siblings, and other contacts who are outside our
sample using the basic information about them; and although they are not in the FHS. Importantly,
45% of the 5124 subjects were connected via friendship to another person in the FHS at some point,
which allowed them to observe outcomes for both the naming friend and the named friend. In total,
there were 3542 such friendships for an average of 0.7 friendship ties per subject. For 39% of the
subjects, at least one coworker was captured in the network at some point. For 10% of the subjects,
an immediate (nonrelative) residential neighbor was also present (more expansive definitions, such
as living within 100m, resulted in many more subjects having identifiable ‘neighbors’).

FHS implemented a variety of changes to the data to help protect subject confidentiality, however,
before posting. Specifically: (1) all date information was changed to a monthly resolution rather
than daily; (2) only 9000 cases rather than 12,000 could be posted (e.g., all non-genetically related
relative ties such as adopted siblings, step-children, etc., were removed); (3) individuals who did
not consent to the release of ‘sensitive information’ were excluded; and (4) the available covariates
(e.g., geographic coordinates) were restricted. This dataset is distributed via the SHARE database
at dbGAP (http://www.ncbi.nlm.nih.gov/gap).

6.2 Data Preprocessing

The present study relied on the “Original and Children cohort” data from FHS-Net. We found
that the social network between the original cohort participants must not have been documented
properly: the network is too sparse. The social network between the “Children Cohort” participants,
however, appeared to be quite realistic. We included age and marital status as individual covariates
(X) in our study. We calculated BMI using weight and height which is used as Response in our
analysis. First, we checked for any missing covariate values, and removed the individuals with
missing values in their records from the dataset. We ended up with 2,280 eligible individuals.
While the FHS allows for building a directed network (because of the edge data were collected),
we chose to work with an undirected network, assuming that the reported friendships must be
mutual and the lack of reciprocity is attributed to the fact the study design did not encourage the
identification of all social connections of a given individual. There resulting social network featured
7047 edges. We conducted descriptive analyses of the individual covariates; the results are found
below.

1. Distribution of weight is positively skewed (Fig. 2a). But there are no outliers in the weight
variable.
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2. Height is approximately normally distributed (Fig. 2b).

3. In FHS, Smoker is a nominal variable with 3 levels. These 3 levels are: non-smoker, smoker
and former smoker, labeled 0, 1 and 2, respectively (Fig. 2c). Note that, former smokers are
the individuals who have not smoked for at least one year. In the considered population, there
are 39.82% non-smokers, 40.31% smokers and 19.87% former smokers (Table 1). We decided
to merge the smoker and former smoker levels into a single level for better interpretability.
The smoker variable serves as a treatment variable (T ) in our study.

4. Marital status is also a nominal variable with 5 levels. These levels are: single, married,
widowed, divorced and separated, labeled 1, 2, 3, 4 and 5, respectively (Fig. 2d). We find
that 79.96% of the individuals in the considered population are married (see Table 2) and the
respective frequencies of the other levels are very low. We decided to merge those levels into
a single level - unmarried.

5. The male and female counts in the population are about the same (Table 3) (Fig. 2e).

6. Age is approximately normally distributed (Fig. 2f).

7. Finally, we calculated the Body mass index (BMI) of all the individuals in the considered
population using their heights and weights. The BMI variable serves as a response variable
(Y ) in our study.

Note that since the height and weight were used to compute the response (BMI), these variables
were not used as covariates; thus, the covariates (X) are age, sex, and marital status.

The prepared FHS-Net dataset was too large for our inference methods to be directly applied
(ERGM parameter learning would be both memory- and time-consuming); we then decided to
apply a clustering algorithm to partition the network into cohesive subcommunities.

Table 1: Frequency table of smokers

Level Value Count Percent

Non-smoker 0 908 39.82%
Smoker 1 919 40.31%
Former smoker 2 453 19.87%

Table 2: Frequency table of Marital Status

Level Value Count Percent

Single 1 231 10.13%
Married 2 1823 79.96%
Widowed 3 35 1.54%
Divorce 4 144 6.32%
Separated 5 47 2.06%

Table 3: Frequency table of Gender

Level Value Count Percent

Male 1 1044 45.79%
Female 2 1236 54.21%
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(a) Histogram of Weight(lb) (b) Histogram of Height(in) (c) Histogram of Smokers

(d) Histogram of Marital status (e) Histogram of Gender (f) Histogram of Age

Figure 2: Histogram of different attribute of FHS-Net

6.3 Network Clustering

Network clusters in social network analysis are defined as “cohesive” groups of vertices, i.e., with
the edge density within the groups being higher than between them. The problem of detecting
such communities within networks is well studied. Early approaches including the KernighanLin
algorithm (Kernighan and Lin, 1970), spectral partitioning (Fiedler, 1973; Pothen et al., 1990) and
hierarchical clustering (Scott, 1988) worked well for specific types of problems (particularly graph
bisection or problems with well-defined vertex similarity measures), but were found to perform
poorly in more general cases (Newman, 2004a).

A number of newer, network clustering algorithms have been proposed by Girvan and Newman
(Girvan and Newman, 2002; Newman and Girvan, 2004). They first proposed a divisive algorithm
that uses edge betweenness as a metric to identify the boundaries of communities. This algorithm
has been applied successfully to a variety of networks, including networks of email messages, human
and animal social networks, networks of collaborations between scientists and musicians, metabolic
networks and gene networks (Newman and Girvan, 2004; Gastner and Newman, 2004; Guimera
et al., 2003; Holme et al., 2003; Holme and Huss, 2003; Tyler et al., 2005; Boguná et al., 2003;
Wilkinson and Huberman, 2004; Arenas et al., 2004). However, as noted in (Newman and Girvan,
2004), the algorithm is quite inefficient computationally, running in O(m2n) time on an arbitrary
network with m edges and n vertices, or O(n3) time on a sparse graph (one in which m v n,
which covers most real-world networks of interest). This restricts the algorithm’s use to networks
of at most a few thousand vertices with current hardware. Later, Newman and Girvin proposed
an algorithm based on the greedy optimization of the quantity known as modularity (Newman and
Girvan, 2004). This method appears to work well both in contrived test cases and in real-world
situations, and is substantially faster than the original algorithm in (Holme et al., 2003). A naive
implementation runs in time O((m+n)n), or O(n2) on a sparse graph. Clauset et al. (2004) propose
a new algorithm that performs the same greedy optimization as the algorithm of Newman (2004b)
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with tree based data structure (Clauset et al., 2004). It runs far more quickly, in time O(md log n)
where d is the depth of the Dendogram describing the network’s community structure. This is not
merely a technical advance but has substantial practical implications for application on extremely
large networks. We decided to use this algorithm - the “Modularity”-based clustering algorithm -
for our study.

106 clusters were detected by the algorithm in the prepared network. We ignored the clusters
containing less than 20 nodes (such small sub-networks could not produce any meaningful results).
We also calculated number of edges within each cluster and the number of edges between each
cluster and rest of the clusters. We found the proportion of edges within the clusters to lie in the
range 51-72% (see Table 4), which is acceptable given that the number of nodes outside any cluster
is significantly greater than that inside it.

Table 4: Summary of clusters of FHS-Net identified by Modularity based clustering

Cluster Number of node
Number of Edge

within cluster

Number of edge
from one cluster

to rest of the
clusters

Percent of edge
within cluster

1 294 746 511 59.35%
2 290 1024 621 62.25%
3 271 694 611 53.18%
4 243 760 553 57.88%
5 207 909 583 60.92%
6 103 203 185 52.32%
7 101 170 162 51.20%
8 66 98 93 51.31%
9 60 91 55 62.33%
10 59 79 57 58.09%
11 50 75 59 55.97%
12 47 57 47 54.81%
13 23 31 12 72.09%

Note that social networks used in research studies are typically partially observed. Online social
network site data (e.g. Facebook, google+, twitter etc.) cannot account for individuals who do not
have online accounts or are inactive. The social networks collected via questionnaire are restricted to
survey responders. Recently, Onnela and Christakis (2012) studied the spreading paths in partially
social network networks (Onnela and Christakis, 2012). Although partial observations were found
to inflate the length of the shortest path in a network (its diameter), the lengths of diffusion
spread paths (i.e., trajectories of processes on networks) were not quite as inflated. Importantly,
Onnela and Christakis (2012) shoed that cluster properties depend on the way in which clusters are
discovered; then, they experimentally found that modularity-based clustering algorithms produces
most desirable clusters.

On the final note, observe that the clusters identified in the FHS-net network by the modularity
algorithm are quite large, with the sizes of the largest two clusters at 296 and 290 (see Table 4):
such large sub-networks can reasonably well represent the whole network.
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7 Model Design and Expanded Propensity Score Estimation

We employ the model for the expanded propensity score that combines logit and ERGM functions.
The logit function captures the dependence of the treatment selection on the individual covariates,
while the ERGM function captures the dependence of the treatment selection on the network struc-
ture. Parameterizing ERGMs can be quite challenging; to this end, we use a Markov Chain Monte
Carlo (MCMC) sampling procedure, which prescribes to construct a Markov chain that has the
target distribution as its equilibrium distribution.

The proposed approach is similar to the treatment of other classes of ERGMs, for which the pa-
rameterisations have been accomplished successfully (Robins et al., 2007; Wang et al., 2006), and
also, the treatment of actor-oriented models (Snijders, 2005, 2002; Snijders et al., 2010).

Denote the vector of the treatment indicators over all the individuals participating in a program by
T , the vector of their covariate vectors by X, and the graph capturing the social network structure
in the considered population by N ; for any individual u, denote the treatment indicator value and
the covariate vector by Tu and Xu, respectively. Also, let the network statistic value for statistic
j and its corresponding ERGM parameter be denoted by fj and θj , respectively. According to
our proposed model, the probability of any given realization of the treatment indicators of all
the individuals in the population, T , given their individuals’ attributes and the network of their
connections, can be expressed as

P (T |X,N) =
1

Z
exp

∑
j∈J

θjfj(T,N)

 n∏
u=1

P (Tu|Xu)

=
1

Z
exp

∑
j∈J

θjfj(T,N)

 n∏
u=1

P (Tu = 1|Xu)TuP (Tu = 0|Xu)1−Tu , (5)

where J is the set of the network statistics of interest, and n is a total number of individuals in the
population. We modeled the second term in equation (5) assuming that

logit(Tu) = w′Xu =
∑
i

wiXu,i, (6)

where wi is the parameter corresponding to the covariate vector element Xi. Using the sigmoid
function σ(·) commonly employed in logistic regression analyses, one has

P (Tu = 1|Xu) = σ(w′Xu). (7)

Substituting equation (6) into equation (5), one obtains

P (T |X,N) =
1

Z
exp

∑
j∈J

θjfj(T,N)

 n∏
u=1

(
σ(w′Xu)

)Tu
(
1− σ(w′Xu)

)1−Tu . (8)

In this study, in order to facilitate the parameter learning, we learn the logit component parameters
first (in separation from ERGM component) by maximizing the likelihood of the observed network
using a steepest ascent algorithm. Then, we learn the parameters of the ERGM component, given
the logit parameter values. We now express the probability that any given individual u is treated
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(i.e., Tu = 1), given the treatment indicators in the rest of the population T c
u = T \ Tu, all the

covariate vector values X and the social network structure N :

P (Tu = 1|T c
u, X,N) =

P (Tu = 1, T c
u|X,N)

P (T c
u)

. (9)

Similarly, one can write

P (Tu = 0|T c
u, X,N) =

P (Tu = 0, T c
u|X,N)

P (T c
u)

. (10)

Dividing equation (9) by equation (10),

P (Tu = 1|T c
u, X,N)

P (Tu = 0|T c
u, X,N)

=
P (Tu = 1, T c

u|X,N)

P (Tu = 0, T c
u|X,N)

=
exp(

∑
j∈J θjfj(Tu = 1, T c

u, N)) · σ(w′Xu)

exp(
∑

j∈J θjfj(Tu = 0, T c
u, N)) · (1− σ(w′Xu))

= exp

∑
j∈J

θj (fj(Tu = 1, T c
u, N)− fj(Tu = 0, T c

u, N))

 exp(w′Xu).(11)

Note that in (11), because both the numerator and denominator are expressed using the same model
(8), the normalizing constant Z cancels out. Now, by the law of total probability,

P (Tu = 1|T c
u, X,N) + P (Tu = 0|T c

u, X,N) = 1. (12)

Hence, the expanded propensity scores can be derived explicitly by solving equations (11) and (12).

Two points pertaining to (11) and (12) are worth emphasizing. First, note that the network statistics
fj , j ∈ J , depend on individual who are in the neighbor of u; thus, the expanded propensity score of
unit u is computed with the understanding that a change in this unit’s treatment would affect the
treatment propensity of all the units in u’s neighborhood (because u itself is in their neighborhoods).
Second, if the dependencies between units are removed, then the only remaining ingredients in (11)
are those related to u’s covariates Xu; in this case, (12) reduces to the expression for the conventional
propensity score.

We applied a parameter learning algorithm on the 13 largest clusters found by the modularity based
clustering algorithm. First, we tried to estimate the logit parameters - the covariate-related ones
- for all the 13 clusters (Table 5). We found that the logit parameters could not be estimated in
clusters 9 and 11 (the likely reason for this is that the subpopulations within the clusters were
not homogeneous in their smoking selection patterns); we thus excluded these clusters from further
analysis. We applied an MCMC based parameter estimation algorithm on the remianing 11 clusters,
with the model including the network statistics described in the three equations below. However, we
observed degeneracy arising in learning on all the clusters. We then redefined our network statistics
similar to the method proposed by Schweinberger (2011): he showed that degeneracy related to
some unstable network statistics can be overcome by re-scaling unstable sufficient statistics with
the help of minimum and maximum values of those sufficient statistics. Consequently, we re-scaled
the network statistics by dividing them by the maximum possible values (F1, F2, F3) of the respective
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network statistics (f1, f2, f3) (13, 14, 15).

f1(T,N) =
1

F1

n∑
i=1

I(Ti = 1), (13)

f2(T,N) =
1

2F2

n∑
i=1

n∑
j=1

I(Ti = Tj)Nij , where (i 6= j), (14)

f3(T,N) =
1

3F3

n∑
i=1

n∑
j=1

n∑
k=1

I(Ti = Tj)I(Ti = Tk)NijNjkNik, where (i 6= j 6= k), (15)

where F1 = n, F2 = 1
2

∑n
i=1

∑n
i=1Nij and F3 = 1

3

∑n
i=1

∑n
j=1

∑n
k=1NijNikNjk.

With the redefined network statistics, the model parameters were satisfactorily estimated for all
the 11 clusters (Table 5). Then we conducted a Goodness of Fit analysis of all the parameters, as
proposed by Hunter et al. (2008), by simulating a predetermine number of networks and checking
how well the learned models captured other network statistics (not used in modeling). For such a
statistic, we used Treated K-Star counts; for node i, this count is

K(i, 1) =
∑
j 6=i

NijTiTj . (16)

Of all the clusters (Fig. 3), the Treated K-star count could not reproduced only in cluster 13 (see
Fig. 3k in the Appendix). We also analyzed the fitted means of network statistics with respect to
the observed network statistics. We found that the mean network statistics converge very quickly
- within first 5 iterations (Fig. 4, 5, 6), and then the means slightly fluctuate which is common
in stochastic optimization. We also find out that the converged means of the network statistic are
closer to the observed values in smaller clusters (Fig. 5, 6), which is a good sign. However, there is
a gap between the observed network statistics and the converged means for larger clusters (Fig. 4):
this is also is expected in parameter learning and in application of the Newton-Ralphson algorithm,
with parameter estimate convergence becoming slow when current estimates are close to the truth.
We concluded that more MCMC samples could be used to achieve a better fit for larger clusters.
However, since this could be time consuming; besides, this problem can be tackled by finding a
good initial point for the algorithm in the parameter space.

8 Estimation of the Average Treatment Effect (ATE) and Average
Treatment Effect on the Treated (ATT)

Two popular conventional propensity score-based approaches for estimating ATE and ATT are 1)
Propensity Stratification (PS), and 2) Inverse Propensity (IP) approaches. Both these methods
have their advantages and deficiencies.

8.1 Propensity Score Stratification based approach

Stratification based on estimated propensity scores and comparison of treated and non-treated
within the strata is a common analytic strategy. The justification for conducting stratification
following greedy matching is provided by Rosenbaum and Rubin (1983). The process is intuitive:
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Table 5: Parameter Estimation for different clusters of FHS-Net

Cluster
Number
of nodes

Number
of Edges

Logit Parameters ERGM Parameters

w0 w1 w2 w3 θ1 θ2 θ3
1 294 746 -0.118 0.547 -0.517 1.259 0.861 -0.254 -0.022
2 290 1024 -0.150 0.631 -0.510 0.437 7.737 -0.243 0.251
3 271 694 0.028 0.242 0.051 0.792 0.939 -0.222 -0.082
4 243 760 0.358 -0.181 -0.672 2.589 1.345 0.118 0.018
5 207 909 0.928 0.487 -0.977 -0.770 1.762 -0.047 0.667
6 103 203 -1.840 0.806 0.616 4.188 1.283 -0.512 -0.065
7 101 170 -0.454 0.249 -0.444 1.975 0.535 -0.244 -0.161
8 66 98 0.260 -0.415 -0.596 2.980 0.872 -0.318 0.146
9 60 91
10 59 79 -0.828 1.417 -0.363 0.436 0.843 -0.481 -0.551
11 50 75
12 47 57 10.106 -8.532 -0.551 -0.688 2.497 -0.434 1.780
13 23 31 -2.372 0.872 0.436 4.663 0.958 -0.572 -1.567

sort the sample into K strata based on the estimated propensity scores, calculate the mean differ-
ence of outcomes and variance of differences between treated and control participants within each
stratum, estimate the mean difference (ATE) for the whole sample and test whether or not the
sample difference is statistically significant. Assume that the propensity score range is divided into
K strata, with the propensity score of the k-th stratum denoted by ek, the number of the treated
observations in the k-th stratum denoted by n(ek, T = 1), the number of control observations in the
k-th stratum denoted by n(ek, T = 0), and the number of observations in the k-th stratum denoted
by n(ek). Then, the probability that an observation belongs to the k-th stratum can be expressed
as

P (ek) =
n(ek)∑K
i=1 n(ei)

=
n(ek)

N
, (17)

where N is a total number of observations. Similarly, the probability that a treated observation
belongs to the k-th stratum is

P (ek, T = 1) =
n(ek, T = 1)∑K
i=1 n(ei, T = 1)

=
n(ek, T = 1)

N1
, (18)

where N1 is a total number of the treated observations. With the treated response and the untreated
response denoted by Y 1 and Y 0, respectively, the ATE estimator is given,

Y = Y 1 − Y 0

Ȳ = E(Y ) = E[Y 1 − Y 0]

= Ee(x)

[
E
[
Y 1|e(x)

]
− E

[
Y 0|e(x)

]]
=

K∑
k=1

P (ek)
[
Ȳ 1
ek
− Ȳ 0

ek

]
=

K∑
k=1

n(ek)

N

[
Ȳ 1
ek
− Ȳ 0

ek

]
. (19)
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The variance of the ATE estimator is

var(Ȳ ) =

K∑
k=1

(
n(ek)

N

)2

var
(
Ȳ 1
ek
− Ȳ 0

ek

)
=

K∑
k=1

(
n(ek)

N

)2 (
var(Ȳ 1

ek
) + var(Ȳ 0

ek
)
)

=

K∑
k=1

(
n(ek)

N

)2
(

var(Y 1
ek

)

n(ek, T = 1)
+

var(Y 0
ek

)

n(ek, T = 0)

)
. (20)

The estimator is asymptotically normally distributed. The significance test for the null hypothesis of
“no treatment effect” can be performed based on the z statistic, with the critical value z∗ = Ȳ√

var(Ȳ )
.

Similar to ATE, ATT estimator is obtained,

ȲT=1 = E[(Y 1 − Y 0)|T = 1]

= Ee(x)

[
E
[
(Y 1 − Y 0)|T = 1, e(x)

]]
=

K∑
k=1

P (ek, T = 1)
[
Ȳ 1
ek
− Ȳ 0

ek

]
=

K∑
k=1

n(ek)

N1

[
Ȳ 1
ek
− Ȳ 0

ek

]
. (21)

Its variance is

var(ȲT=1) =

K∑
k=1

(
n(ek, T = 1)

N1

)2

var
(
Ȳ 1
ek
− Ȳ 0

ek

)
=

K∑
k=1

(
n(ek, T = 1)

N1

)2 (
var(Ȳ 1

ek
) + var(Ȳ 0

ek
)
)

=

K∑
k=1

(
n(ek, T = 1)

N1

)2
(

var(Y 1
ek

)

n(ek, T = 1)
+

var(Y 0
ek

)

n(ek, T = 0)

)
. (22)

The ATT estimator is also asymptotically normally distributed. The significance test for the null
hypothesis of “No treatment effect on the treated” can be performed with the critical z statistic
z∗ = ȲT=1√

var(ȲT=1)
.

This method is easy to implement and very intuitive, but one of its key disadvantages is the
assumption of overlapping support of the estimated propensity scores between the treated and
untreated groups. When this assumption is violated, users obtain strata that contain either treated
or untreated units but not both, and this happens most often in the strata for the lowest and/or
highest propensity score values. This limitation can be overcome, as suggested by Crump et al.
(2009), by using a formula to determine the exact proportion of observations to be trimmed, or
using a rule of thumb for trimming - discarding all the units with the estimated propensity scores
outside the range [0.1, 0.9].
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8.2 Inverse Propensity score based approach

Propensity score may be used without matching to calculate ATE and ATT (Hirano and Imbens,
2001; Hirano et al., 2003; McCaffrey et al., 2004; Rosenbaum, 1987). Propensity score weighting
aims to re-weigh treated and control participants to make them representative of the population
of interest, e.g., as in Horvitz-Thompson estimators (Horvitz and Thompson, 1952). The crucial
element of such analysis is the development of weights based on the estimated propensity scores.
Propensity score weighting approach takes different amount of information from different observa-
tions. For estimating ATE, the weight of a given observation is defined as follows (Guo and Fraser,
2009),

w(T, x) =
T

ê(x)
+

1− T
1− ê(x)

. (23)

Let I1 and I0 be the indices for treated and control observations, respectively. An estimator for
ATE is then simply difference of the weighted averages of the treated and control responses,

Ȳ =

∑
j∈I1

1

ê(xj)

−1∑
i∈I1

y1i

ê(xi)
−

∑
j∈I0

1

1− ê(xj)

−1∑
i∈I0

y0i

1− ê(xi)
. (24)

To simplify the presentation, define l1 = y1/ê(x) and l0 = y0/(1 − ê(x)). With these pieces of
notation,

Ȳ =

∑
j∈I1

1

ê(xj)

−1∑
i∈I1

l1i −

∑
j∈I0

1

1− ê(xj)

−1∑
i∈I0

l0i . (25)

The variance of this ATE estimator is

var(Ȳ ) =

∑
j∈I1

1

ê(xj)

−2∑
i∈I0

var(l1i)−

∑
j∈I0

1

1− ê(xj)

−2∑
i∈I0

var(l0i)

=

∑
j∈I1

1

ê(xj)

−2

n1var(l1i)−

∑
j∈I0

1

1− ê(xj)

−2

n0var(l0i) (26)

The formulae for the estimation of ATT is similar to those for ATE: the only difference is in the
applied weights. In estimating the ATT , the weight of an observation is defined as follows (Guo
and Fraser, 2009),

w(T, x) = T + (1− T )
ê(x)

1− ê(x)
. (27)

Then, the ATT estimate is found as the difference between the weighted averages of the treatment
and control responses,

¯ATT =
1

n1

∑
i∈I1

y1i −

∑
j∈I0

ê(xj)

1− ê(xj)

−1∑
i∈I0

y0i · ê(xi)
1− ê(xi)

(28)

Defining l = y0ê(x)
1−ê(x) and substituting it into equation (28), one obtains

¯ATT =
1

n1

∑
i∈I1

y1i −

∑
j∈I1

ê(xj)

1− ê(xj)

−1∑
i∈I0

li. (29)
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The variance of this ATT estimator is,

var( ¯ATT ) =
1

n2
1

∑
i∈I1

var(y1i)−

∑
j∈I1

ê(xj)

1− ê(xj)

−2∑
i∈I0

var(li)

=
var(y0)

n1
−

∑
j∈I1

ê(xj)

1− ê(xj)

−2

n0var(li). (30)

Again, the ATE and ATT estimators are found as the differences of the weighted averages of the
responses over the treated and control observations. Both estimators are asymptotically normally
distributed. The significance tests of the ‘no treatment effect’ null hypotheses can be performed
based on this asymptotic property. The inverse propensity score is a creative idea and easy to
implement. One of the main benefits of this method is that an overlapping support of the propensity
score values for the treated and control units is no longer an issue. However, some recent studies
suggested that this method may have its own limitations. Freedman and Berk (2008) conducted a
number of simulation experiments focusing on ATE estimation, and found that propensity score
weighting was only optimal under three circumstances,

1. when study participants are independent and identically distributed,

2. when selection is exogeneous, and

3. when selection equation is properly specified (i.e., with correct predictor variables and func-
tional forms).

When these conditions are not observed, it was found that weighting is likely to increase random
errors in the estimates. Indeed, it appears to bias the estimated causal parameter. Given these
findings, Freedman and Berk (2008) suggested that investigators should exercise caution in imple-
menting the weight procedure. They also warn that it rarely makes sense to use the same set of
covariates in the outcome equation and selection equation that predicts propensity. Reflecting on
both the development nature of the field and the uncertainty surrounding the validity of emerg-
ing procedures, Kang and Schafer (2007) showed that the use of inverse probabilities as weights is
sensitive to mis-specification of the propensity score model when some estimate’s propensities are
small. Caution seems warranted in the use of propensity scores as sampling weights.

8.3 Imbalance Check in the Clusters (Model 1)

The main goal of estimating propensity score is to produce balance. It is often desirable to check
covariate balance after matching on propensity. Haviland et al. (2007) developed the absolute
standardized difference in covariate means. dxm denotes the absolute standardized difference in
covariate means. The value dxm is estimated by the following formula

dxm =
|Mxt −Mxc|

Sx
and Sx =

√
S2
xt + S2

xc

2
(31)

where Mxt and Mxc denote means of covariate X for treated and control group, respectively. Sxt
and Sxc denote standard deviation of covariate X for treated and control group.

We stratified treated and control into 5 subclasses based on estimated propensity score. Then we
performed covariate imbalanced check for each covariate in each strata. We used 0.50 as threshold
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to identify imbalance for difference strata for different cluster. Imbalance in covariate is marked by
bold font (Table 6, 7, 8, 9, 10, 11, 12). If there are no observation in either treated or control group
in a strata, then we remove that strata.

We find out Marital Status in strata 1 and strata 2 are not balanced for cluster 1 (Table 6).
Similarly, Age in strata 1 is not balanced. There are only one strata which has both control and
treated observations for cluster 4 (Table 9, which is clear indication of imbalance. 7 out of 12
imbalance measures are more than 0.50 for cluster 5 (Table 9) and imbalance measure are also high.
9 out 15 imbalance measures are more than 0.50 for cluster 6. Similarly, we analyze imbalance for
rest of the cluster (Table 11, 12). Other than cluster 4, 5 and 6 rest of the clusters have 2 to 4
imbalances measure more than 0.50. We decided to remove cluster 4, 5 and 6 from further analysis.
Rest of clusters are considered for ATE and ATT estimation discussed in the following section.

Table 6: Covariate Balance Check of Cluster 1 (Model 1)

Strata
Marital
Status

Gender Age

1 0.80 0.40 0.31
2 0.47 0.02 0.15
3 0.52 0.42 0.26
4 0.13 0.28 0.06

Table 7: Covariate Balance Check of Cluster 3 (Model 1)

Strata
Marital
Status

Gender Age

1 0.40 0.40 0.54
2 0.16 0.32 0.04
3 0.14 0.12 0.01
4 0.38 0.17 0.17

Table 8: Covariate Balance Check of Cluster 4 (Model 1)

Strata
Marital
Status

Gender Age

1 0.00 0.32 0.20

Table 9: Covariate Balance Check of Cluster 5 (Model 1)

Strata
Marital
Status

Gender Age

1 1.00 1.24 3.00
2 0.63 2.30 2.45
3 0.30 0.58 0.43
4 0.22 0.49 0.07

22



Table 10: Covariate Balance Check of Cluster 6 (Model 1)

Strata
Marital
Status

Gender Age

1 1.00 1.00 1.23
2 0.82 0.82 3.27
3 1.13 0.24 1.13
4 0.25 0.06 0.44
5 0.18 0.46 0.73

Table 11: Covariate Balance Check of Cluster 7 (Model 1)

Strata
Marital
Status

Gender Age

1 0.63 0.47 0.35
2 0.88 0.24 0.44
3 0.16 0.36 0.05
4 1.71 0.42 0.15

Table 12: Covariate Balance Check of Cluster 8 (Model 1)

Strata
Marital
Status

Gender Age

1 0.16 0.18 0.50
2 0.46 0.89 0.11

8.4 ATE and ATT Estimation in the Clusters (Model 1)

First, we calculated the estimates of ATE and ATT in all the eligible clusters using PS approach
using 10 strata (Table 13). We find that the ATE and ATT estimates are positive in all 4 clusters.
The significance test of ATE and ATT were conducted next; we find that the estimates are signifi-
cantly different from zero in clusters 1 (α ≤ 0.10) (see Table 13 where the significant p-values and
z-scores are marked with an asterisk).

We conducted a similar analysis employing the ‘Inverse Propensity’ based approach (see Table 14).
Again, the ATE and ATT estimates are positive for all 4 clusters (Table 14). However, None of
estimates are found to be significant due to high variance of estimates.

Note that in cluster 1 - the largest cluster with 296 nodes - the treatment effects are found to
be positive and significant. ATE and ATT estimate for cluster 1 are 1.078 and 1.108 BMI units,
respectively.

8.5 Non Parametric test for ATE (Model 1)

In the previous section we have performed parametric test to check significance of 2 different estimate
of ATE. However, those parametric test are based on assumption that they are asymptotically
normally distributed. If this assumption does not hold, then parametric test will have high Type 2
error. As a result these tests will be less powerful. It is very difficult to check asymptotic property.
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Table 13: ATE and ATT based on Propensity Stratification approach

Cluster ATE ATT
Z-score

for
ATE

Z-score
for
ATT

P-value
(ATE)

P-value
(ATT )

1 1.078 1.108 2.167∗ 2.277∗ 0.015∗ 0.011∗

3 0.308 0.263 0.564 0.451 0.286 0.326
7 0.663 0.683 0.869 0.869 0.192 0.192
8 0.540 0.559 0.673 0.688 0.251 0.246

Table 14: ATE and ATT based on Inverse Propensity approach

Cluster ATE ATT
Z-score

for
ATE

Z-score
for
ATT

P-value
(ATE)

P-value
(ATT )

1 0.910 1.046 0.575 0.547 0.283 0.292
3 0.331 0.202 0.173 0.094 0.431 0.463
7 0.815 0.810 0.402 0.315 0.344 0.376
8 0.248 0.468 0.116 0.184 0.454 0.427

Finally, we decided to conduct non-Parametric which it is more generalized. The significance test
of the ATE may be performed by the Hodges-Lehmann aligned rank test (Hodges et al., 1962).
Lehmann and D’Abrera (2006) described the test in detail (see Algorithm 1).

Result of Non parametric test for eligible clusters are summarized in Table 15. We find out that ATE
for cluster 1 is significant. We find out similar result for Propensity stratification based approach
(Table 13). P-value is less than 0.01 for non parametric test.

Table 15: Non parametric test of ATE (Model 1)

Cluster ATE
Z score for

ATE
P-value
(ATE)

1 1.078 2.647∗ 0.004∗

3 0.308 0.846 0.199
7 0.663 1.022 0.153
8 0.540 0.218 0.414

8.6 Modified Model for Expanded Propensity Score (Model 2)

As we have performed clustering over the whole social network and used each cluster for our analysis,
there are “lost” edges excluded from our analysis. We then modified our network statistics so as to
directly account for the “lost” edges. Let the vector of the decisions (treatment indicators) of the
individuals in cluster C̈ be denoted by T , the decisions of the individuals who are not in cluster C̈
but connected to the individuals in C̈ be denoted by (T 0), the covariates of the individuals in C̈ be
denoted by X, and the social network by denoted by N . Similar to equation (8), the conditional
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Algorithm 1 : Hodges-Lehmann Algorithm

1. Compute the mean of the outcome for each matched stratum i and then create a centering
score for each participant by subtracting the stratum’s mean from the observed value of the
outcome.

2. Sort the whole sample by the centering scores in an ascending order and then rank the scores;
the ranked score is called aligned rank and is denoted as kij(j = 1, ...., Ni), where i indicates
the ith stratum, j indicates jth observation within the ith stratum, and Ni the total number
of participants in the ith stratum.

3. For each stratum i, compute

ki. =
ki1 + · · ·+ kiNi

Ni
and E

(
Ŵ (i)

s

)
= niki.,

and V ar
(
Ŵ (i)

s

)
=

mini
Ni(Ni − 1)

Ni∑
j=1

(kij − ki.)2

where ni the number of treated participant in ith stratum, mi the number of control participant
in ith stratum.

4. Across strata, calculate

Ŵs =
∑
i

Ŵ (i)
s , E

(
Ŵs

)
=
∑
i

E
(
Ŵ (i)

s

)
, and V ar

(
Ŵs

)
=
∑
i

V ar
(
Ŵ (i)

s

)
,

where Ŵ
(i)
s is the sum of the aligned ranks for the treated participants within the ith stratum.

Note that the subscript s in the all the preceding equations indicates treatment participants.
5. Finally, calculate the following test statistics z∗:

z∗ =
[
Ŵs − E

(
Ŵs

)]
/

√
V ar

(
Ŵs

)
.

The z∗ statistics follows a standard normal distribution. Using z∗, the analyst can perform a
significance test of a non directional hypothesis (i.e., perform a two tailed test) or a directional
hypothesis (i.e. perform a one-tailed test).
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distribution of T given X, N , T 0 can be expressed as

P (T |X,N, T 0) =
1

Z
exp

∑
j∈J

θjfj
(
T,N, T 0

) n∏
u=1

P (Tu|Xu)

=
1

Z
exp

∑
j∈J

θjfj
(
T,N, T 0

) n∏
u=1

P (Tu = 1|Xu)TuP (Tu = 0|Xu)1−Tu . (32)

Now, using the index C for any node within cluster C̈ and the index C ′ for any node not in C̈ but
connected to a node in C̈, define a new set of network statistics as follows,

f1(T,N, T 0) =
1

F1

∑
i∈C

I(Ti = 1), (33)

f2(T,N, T 0) =
1

F2

1

2

∑
i∈C

∑
j∈C′

I(Ti = Tj)Nij +
∑
i∈C

∑
j∈C′

I(Ti = Tj)Nij

 . (34)

f3(T,N, T 0) =
1

3F3

∑
i∈C

∑
j∈C

∑
k∈C

I(Ti = Tj)I(Ti = Tk)NijNjkNik

+
1

2F3

∑
i∈C

∑
j∈C′

∑
k∈C′

I(Ti = Tj)I(Ti = Tk)NijNjkNik (35)

+
1

2F3

∑
i∈C

∑
j∈C

∑
k∈C′

I(Ti = Tj)I(Ti = Tk)NijNjkNik. (36)

where F1 =
∑

i∈C I(Ti = 1), F2 = 1
2

∑
i∈C

∑
j∈C Nij +

∑
i∈C

∑
j∈C′ I(Ti = Tj)Nij and

F3 = 1
3

∑
i∈C

∑
j∈C

∑
k∈C NijNjkNik+1

2

∑
i∈C

∑
j∈C′

∑
k∈C′ NijNjkNik+1

2

∑
i∈C

∑
j∈C

∑
k∈C′ NijNjkNik.

Here, f1 represents the ratio of the number of individuals in C̈ that are treated to the number of
individuals in C̈; f2 represents the ratio of the number of 1-hop friend agreements both in C̈ outside
of C̈ to the total number of edges within C̈ plus the number the edges connected to C̈; f3 represents
the ratio of the number of agreement-cliques (of size 3) among the individuals within C̈ and the
individuals connected to C̈ to the number of cliques of size 3 among the individuals in C̈ and those
connected to C̈.

We learned the parameters for this new model (32), (33), (34) and (36), and checked the goodness
of fit statistics (Fig. 11) and convergence in mean of network statistics (Fig. 12, 13, 14). We find
that the mean of network statistics converge for all cluster. The goodness of fit results with the
redefined network statistics is good for all the cluster except for cluster 7 (Fig. 11g), which was
consequently excluded from further analysis.

8.7 Imbalance check for Model 2

We conducted imbalanced check for Model 2 similar to Model 1. We find out Marital Status in
strata 1 and Age in Strata 2 are not balanced for cluster 1 (Table 16). Similarly, Marital status
in strata 1, Gender in strata 3 and Age in strata 3 are not balanced. 3 out of 4 strata are not
balanced for all 3 covariates for cluster 4 (Table 18) and imbalance score are high. So we decided
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not to analyze this cluster in the future. There are only one strata which has both control and
treated observations for cluster 5 (Table 19), which is a clear indication of imbalance. Similarly we
analysis imbalanced rest of the cluster. Other than cluster 4 and 5, rest of the clusters has 2 to 4
imbalances. We decided to remove cluster 4 and 5 from further analysis. We calculate ATE and
ATT for eligible clusters in the following section.

Table 16: Covariate Balance Check of Cluster 1 (Model 3)

Strata
Marital
Status

Gender Age

1 0.94 0.31 0.23
2 0.05 0.44 0.67
3 0.26 0.18 0.10
4 0.31 0.28 0.18
5 0.28 0.49 0.18

Table 17: Covariate Balance Check of Cluster 3 (Model 3)

Strata
Marital
Status

Gender Age

1 0.53 0.24 0.25
2 0.30 0.48 0.28
3 0.42 0.93 0.65
4 0.15 0.29 0.06
5 0.12 0.08 0.04

Table 18: Covariate Balance Check of Cluster 4 (Model 3)

Strata
Marital
Status

Gender Age

1 0.82 1.00 1.81
2 1.22 0.71 1.27
3 0.58 1.72 1.73
4 0.05 0.26 0.21

Table 19: Covariate Balance Check of Cluster 5 (Model 3)

Strata
Marital
Status

Gender Age

1 0.26 0.52 0.02

8.8 ATE and ATT Estimation in the Clusters (Model 2)

We calculatedATE andATT using both Propensity Stratification (Table 23) and Inverse Propensity
based approach (Table 24). ATE and ATT are positive for all cluster except cluster 6. ATE
estimates are statistically significant for cluster 1 and none of the ATT is significant.
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Table 20: Covariate Balance Check of Cluster 6 (Model 3)

Strata
Marital
Status

Gender Age

1 0.39 0.43 1.00
2 1.32 0.50 0.67
3 0.07 0.26 0.48
4 0.33 0.30 0.73

Table 21: Covariate Balance Check of Cluster 7 (Model 3)

Strata
Marital
Status

Gender Age

1 0.63 0.67 0.27
2 0.51 0.13 0.36
3 0.29 0.42 0.20
4 1.14 0.29 0.12

Table 22: Covariate Balance Check of Cluster 8 (Model 3)

Strata
Marital
Status

Gender Age

1 0.00 1.00 1.41
2 0.00 0.33 0.36
3 0.06 0.17 0.47
4 0.39 1.00 0.16

The ATE and ATT estimates are not significant for any cluster using IP (Table 24). We conclude
that ATE and ATT of smoking on BMI are on average 0.6006 and 0.537. It means that if all
the considered individuals in the ‘Children Cohort’ smoked, then their BMI would be 0.6006 units
greater compared to the scenario where none of them smoked. Also, if the smokers in the ‘Children
Cohort’ were not to smoke, their BMI would drop on average by 0.537 units.

Table 23: ATE and ATT calculation based on Propensity stratification for Model 3

Cluster ATE ATT
Z-score

for
ATE

Z-score
for
ATT

P-value
(ATE)

P-value
(ATT )

1 0.850 0.729 1.409∗ 1.091 0.079∗ 0.138
3 0.375 0.400 0.676 0.673 0.250 0.251
6 -1.225 -1.317 -1.146 -1.156 0.126 0.124
8 0.577 0.483 0.687 0.555 0.246 0.289

8.9 Non Parametric test for ATE (Model 2)

We conducted non parametric test for ATE which is summarized in Table 25. We find out very
similar result to parametric test for the Model 2 (Table 23). We find out ATE is significant for
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Table 24: ATE and ATT calculation based on Inverse propensity approach for Model 3

Cluster ATE ATT
Z-score

for
ATE

Z-score
for
ATT

P-value
(ATE)

P-value
(ATT )

1 1.033 1.161 0.282 0.291 0.389 0.385
3 1.373 0.884 0.173 0.200 0.431 0.421
6 -1.052 -0.461 -0.110 -0.101 0.456 0.460
8 0.109 0.461 0.042 0.153 0.483 0.439

cluster 1 (Table 25) using Hodges-Lehmann test. Conclusion of significance test are same for both
non-parametric and parametric test (Table 23). But P-value of non-Parametric tests are different
from parametric test.

Table 25: Non parametric test of ATE for Model 2

Cluster ATE
Z score for

ATE
P-value
(ATE)

1 0.850 2.696∗ 0.004∗

3 0.375 0.854 0.197
6 -1.225 -1.259 0.104
8 0.577 0.386 0.350

9 ATE and ATT Estimation without Blocking Network Effects

To conclude our study, we used the conventional propensity score-based methodology to estimate
ATE and ATT without taking into account social network. In this case, propensity score is a
function of individual covariates only. We calculate ATE and ATT for cluster 1, 3, 6, 7 and 8 to
compare with the finding of the models including social network. We find out the ATE and ATT
estimates are positive for all the clusters except cluster 6 (Table 26, 27). We find out the ATE and
ATT are higher for Model 1 (Table 13) to estimate without considering social network (Table 26).
Similarly, we find out that ATE and ATT are higher for Model 2 (Table 23) than estimate without
considering social network (Table: 26).

Similar results are obtained using the IP based approach. ATE and ATT are positive for all clusters
except cluster 6 (Table 27), and none of them is significant. It can be concluded that by ignoring
the network effects, the causal inference quality noticeably degrades (compare Table 27 with Table
23).

10 Conclusion

The findings of this study are summarized as follows,

1. The study confirmed that stable-network ERGMs can be successfully used to express the
dependencies between the problem variables with networks of 100-300 nodes.
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Table 26: ATE and ATT calculation based on Propensity stratification (without social network)

Cluster ATE ATT
Z score
(ATE)

Z score
(ATT)

P-value
(ATE)

P-value
(ATT)

1 0.515 0.500 1.054 1.058 0.146 0.145
3 0.181 0.158 0.344 0.298 0.366 0.383
6 -1.459 -2.058 −1.851∗ −2.490∗ 0.032∗ 0.006∗

7 0.509 0.526 0.680 0.702 0.248 0.241
8 0.105 0.237 0.144 -0.332 0.443 0.370

Table 27: ATE and ATT calculation based on Inverse propensity approach (without social network)

Cluster ATE ATT
Z score

for
ATE

Z score
for

ATT

P-value
(ATE)

P-value
(ATT)

1 0.589 0.655 0.729 0.615 0.233 0.269
3 0.135 0.081 0.211 0.111 0.416 0.456
6 -1.318 -1.652 -0.615 -0.569 0.269 0.285
7 0.586 0.487 0.507 0.317 0.306 0.376
8 0.067 0.125 0.037 0.050 0.485 0.480

2. The choice of the causal estimator is very important for causal analyses with networks (e.g.,
the variance of ATE estimator based on the Inverse Propensity method turned out to be much
higher than that based on the Propensity stratification method).

3. Non parametric and parametric significance tests have led to the same conclusion in the
analysis of FHS data.

4. We calculated propensity based on two different models: the first model used the data only
within each cluster, while the second model also used the data of the external, directly con-
nected individuals. The propensity score values and causal estimates turned out to be very
different between the two models suggesting that the influence of the external individuals is
a significant factor.

5. Importantly, it was discovered that the estimates computed with blocking the network effects
turned out different from those computed without blocking the network effects (see Tables 13
vs. 26). Moreover, the difference was about the same in all the clusters! This suggests that
failure to block the network effects can compromise the accuracy of causal effect estimation
in connected communities.
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(a) cluster 1 (b) cluster 2 (c) cluster 3

(d) cluster 4 (e) cluster 5 (f) cluster 6

(g) cluster 7 (h) cluster 8 (i) cluster 10

(j) cluster 12 (k) cluster 13

Figure 3: Goodness Of Fit for all cluster (Model 1)

37



(a) Net. Stat. 1 (cluster 1) (b) Net. Stat. 2 (cluster 1) (c) Net. Stat. 3 (cluster 1)

(d) Net. Stat. 1 (cluster 2) (e) Net. Stat. 2 (cluster 2) (f) Net. Stat. 3 (cluster 2)

(g) Net. Stat. 1 (cluster 3) (h) Net. Stat. 2 (cluster 3) (i) Net. Stat. 3 (cluster 3)

(j) Net. Stat. 1 (cluster 4) (k) Net. Stat. 2 (cluster 4) (l) Net. Stat. 3 (cluster 4)

(m) Net. Stat. 1 (cluster 5) (n) Net. Stat. 2 (cluster 5) (o) Net. Stat. 3 (cluster 5)

Figure 4: Convergence check in Net. Stat. (Model 1) for cluster 1,2,3,4 & 5
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(a) Net. Stat. 1 (cluster 6) (b) Net. Stat. 2 (cluster 6) (c) Net. Stat. 3 (cluster 6)

(d) Net. Stat. 1 (cluster 7) (e) Net. Stat. 2 (cluster 7) (f) Net. Stat. 3 (cluster 7)

(g) Net. Stat. 1 (cluster 8) (h) Net. Stat. 2 (cluster 8) (i) Net. Stat. 3 (cluster 8)

(j) Net. Stat. 1 (cluster 10) (k) Net. Stat. 2 (cluster 10) (l) Net. Stat. 3 (cluster 10)

(m) Net. Stat. 1 (cluster 12) (n) Net. Stat. 2 (cluster 12) (o) Net. Stat. 3 (cluster 12)

Figure 5: Convergence check in Net. Stat. (Model 1) for cluster 6,7,8,10 & 12
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(a) Net. Stat. 1 (cluster 13) (b) Net. Stat. 2 (cluster 13) (c) Net. Stat. 3 (cluster 13)

Figure 6: Convergence check in Net. Stat. (Model 1) for cluster 13

(a) Net. Stat. 1 (cluster 1, 6) (b) Net. Stat. 2 (cluster 1, 6) (c) Net. Stat. 3 (cluster 1, 6)

Figure 7: Convergence check in Net. Stat. for combine cluster 1 & 6

(a) Net. Stat. 1 (cluster 1, 3) (b) Net. Stat. 2 (cluster 1, 3) (c) Net. Stat. 3 (cluster 1, 3)

Figure 8: Convergence check in Net. Stat. for combine cluster 1, 3

(a) Net. Stat. 1 (cluster 1,2,3,4) (b) Net. Stat. 2 (cluster 1,2,3,4) (c) Net. Stat. 3 (cluster 1,2,3,4)

Figure 9: Convergence check in Net. Stat. for combine cluster 1,2,3,4
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(a) cluster 1 & 6 (b) cluster 1 & 3 (c) cluster 1 & 2 & 3 & 4

Figure 10: Goodness Of Fit for combine clusters
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(a) cluster 1 (b) cluster 2 (c) cluster 3

(d) cluster 4 (e) cluster 5 (f) cluster 6

(g) cluster 7 (h) cluster 8 (i) cluster 10

(j) cluster 12 (k) cluster 13

Figure 11: Goodness Of Fit for all cluster (Model 3)
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(a) Net. Stat. 1 (cluster 1) (b) Net. Stat. 2 (cluster 1) (c) Net. Stat. 3 (cluster 1)

(d) Net. Stat. 1 (cluster 2) (e) Net. Stat. 2 (cluster 2) (f) Net. Stat. 3 (cluster 2)

(g) Net. Stat. 1 (cluster 3) (h) Net. Stat. 2 (cluster 3) (i) Net. Stat. 3 (cluster 3)

(j) Net. Stat. 1 (cluster 4) (k) Net. Stat. 2 (cluster 4) (l) Net. Stat. 3 (cluster 4)

(m) Net. Stat. 1 (cluster 5) (n) Net. Stat. 2 (cluster 5) (o) Net. Stat. 3 (cluster 5)

Figure 12: Convergence check in Net. Stat. (Model 3) for cluster 1, 2, 3, 4 & 5
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(a) Net. Stat. 1 (cluster 6) (b) Net. Stat. 2 (cluster 6) (c) Net. Stat. 3 (cluster 6)

(d) Net. Stat. 1 (cluster 7) (e) Net. Stat. 2 (cluster 7) (f) Net. Stat. 3 (cluster 7)

(g) Net. Stat. 1 (cluster 8) (h) Net. Stat. 2 (cluster 8) (i) Net. Stat. 3 (cluster 8)

(j) Net. Stat. 1 (cluster 10) (k) Net. Stat. 2 (cluster 10) (l) Net. Stat. 3 (cluster 10)

(m) Net. Stat. 1 (cluster 12) (n) Net. Stat. 2 (cluster 12) (o) Net. Stat. 3 (cluster 12)

Figure 13: Convergence check in Net. Stat. (Model 3) for cluster 6, 7, 8, 10 & 12
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(a) Net. Stat. 1 (cluster 13) (b) Net. Stat. 2 (cluster 13) (c) Net. Stat. 3 (cluster 13)

Figure 14: Convergence check in Net. Stat. (Model 3) for cluster 13
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