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The influence maximization problem selects a set of seeds to initiate an optimal cascade of decisions. This
paper uses parallel cascade evidence-based diffusion modelling, which views influence as a consequence
of the evidence exchange between the connected actors, to investigate the temporal aspects of the social
cascade propagation and effective time horizon for long-term campaign planning. Mixed-integer program-
ming is used to explore the optimal timing of evidence injection and the ensuing network behaviour. The
paper defines the notion of mid-term and long-term cascade stability and analyses the dynamics of social
cascades for varied evidence discount factor values. This exploration reveals that the time horizon setting
affects the optimal placement of seeds in a given problem and, hence, has to be set in a way to reflect
the decision-maker’s short-term or long-term goals. A Cplex-based heuristic algorithm is developed to
iteratively find such a preferable cascade stability time horizon. Moreover, a conducted fractional facto-
rial experiment reveals that the forgetfulness effect and the presence of competition significantly affect
the cascade persistence. Somewhat counter-intuitively, it is discovered that a strong positive evidence can
become more persistent (long-lasting) in the presence of weak opposing evidence.

Keywords: influence maximization; social networks; time horizon; stable cascade; seed selection;
optimization

AMS Subject Classification: 91D30; 90C11; 97M70

1. Introduction and motivation

The significant effect of social influence on the spread of products/opinions is experimentally
proven; the existing literature provides multiple accounts of situations where people’s decisions
about the adoption of a product/opinion are affected by the respective decisions of their peers
[1,9,32]. Consequently, with social networks enabling information transfer, one can manipulate
the information flow so as to maximize the spread of preferred (positive) information about
a product or viewpoint [22,24]. The influence maximization (IM) problem deals with igniting
information cascades in social networks through early starters; the decision-maker seeks to find
such a set of nodes, called seeds, that will initiate a diffusion process in a given social network
guaranteeing the maximal spread of a favourable opinion/product [6,20].
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The early efforts for selecting seeds relied on graph theory-based heuristics, e.g. the degree
centrality heuristic [34]. However, studies of such heuristics returned conflicting results. On the
one hand, Even-Dar and Shapira [14] reported selecting individuals with maximum degree as a
viable strategy, suggesting that such selection is optimal for almost all problem instances. On the
other hand, more recent studies show that not only does the maximum degree method fail in viral
marketing campaigns (in particular for low-priced products), but also sometimes the minimum
degree method works much better for selecting the seeds [4,5]. The seminal work of Kempe et al.
[20] formulated IM as a well-structured combinatorial optimization problem; they developed
the independent cascade (IC) and the linear threshold (LT) diffusion models to simulate the
stochastic diffusion of influence in a social network. The diffusion-based IM problem has found
application in marketing for igniting viral spread of opinions about new products in selected
market segments [3,7], in health care for spreading healthy behaviours [31] and for blocking the
spread of contagious diseases in contact networks [16], in communication systems for finding
critical nodes to block the proliferation of computer viruses [21], and in detecting the sources of
viruses/rumors into networks [26].

While the IC and LT diffusion models conveniently have a submodular reward (influence
spread) function, which permits to establish analytical bounds for approximation algorithms,
these models ignore the time dimension of the diffusion processes. They always report the result
of a seeded influence spread based on its final ‘steady’ state, i.e. when the activation status of
any node no longer changes. However, in many real-world campaigns, the decision-maker has a
pre-defined time horizon and seeks to optimize the total profit over the desired time horizon [25].
For example, a political party that runs an election campaign is typically interested by the state
of the electorate at a specified timepoint, which may not coincide with the moment the diffusion-
driven cascade reaches the steady state. Therefore, the use of time-dependent diffusion models
is in order for the planning of such campaigns.

Chierichetti et al. [10] pointed to the need for time-dependent diffusion models in cascade
planning and employed the Arthur’s model for the adoption of competing technologies/products
in a market [2]. Recently, Samadi et al. [30] designed the parallel cascade (PC) model to for-
mulate the time-dependent diffusion of competing opinions/products in a social network as
a Bayesian hypothesis testing problem. The structure of the introduced PC model allows for
solving a mixed-integer optimization program to analyse the properties of optimal solutions as
functions of cascade time horizon.

The main contribution of this paper lies in analysing the temporal aspects of IM. The paper
investigates a previously unexplored dimension of igniting diffusion-based cascades for IM—
that of problem time horizon. Assuming a pre-set time horizon, the paper investigates the optimal
timing of evidence injection and the ensuing network behaviour. At a particular (problem-
specific) time horizon value, the optimal seed selection strategy is found to stabilize; therefore,
finding the minimum required time horizon to obtain stable solutions is important in marketing,
sociology and political science for achieving stable—long-lasting—cascades.

Most models found in the current literature are unable to explain the reasons for and the timing
of cascade disappearance, which occurs in real-world when a cascade dies out, with or without
the presence of competitors. The present paper shows that depending on how people forget or
discount a part of the evidence they collect from their social network neighbours, and how their
evidence transfer rate diminishes over time, cascades can disappear quickly or persist long term.
The analysis of this phenomenon should help decision-makers define the appropriate time(s) for
activating additional seeds as the cascade progresses, thus keeping it alive, or else, igniting the
next cascade.

This paper employs a mathematical programming approach for finding the optimal set of seeds
in a diffusion process. The investigations of the optimal seed selection strategies for initiating
competitive cascades provide insights about prolonging a cascade in the presence of weak/strong
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competitor(s). The results of the experiments reported in this paper show that the time horizon
determines how aggressive a decision-maker must be in initiating cascades: in certain cases, it
is found that spending less budget on the initial seed activation (being less aggressive) can make
the diffusion process persistent, even if the rest of the budget is not used at all. To the best of our
knowledge, this is the first paper in the literature that mathematically explains how the presence
of weak competitor(s)/opposite opinion(s) in the network helps a strong decision-maker design
a long-lasting cascade.

The current paper first establishes the dependencies between the appropriate cascade time
horizon and the parameters of the diffusion process, and then, conducts a fractional factorial
experiment to uncover the strength of such dependencies. The results suggest that the ‘forget-
fulness rate’ – the rate at which the ‘old’ evidence is disregarded—as well as the number of the
negative seeds activated by the competitor(s) significantly affect the active time horizon of the
IM problem.

The rest of this paper is organized as follows. Section 2 overviews the literature of social influ-
ence and seed selection with an emphasis on the temporal aspects of the IM problem. Section 3
explores the effect of the time horizon on the optimal seed selection strategies and investigates
the time to reach the long-term steady state of the diffusion process; it also presents the analyses
of mid-term process behaviour. Section 4 concludes the paper and discusses the directions for
future research.

2. Literature review

The idea of using the Word-Of-Mouth phenomenon as a means for increasing the market share
of a company/product is not new in the literature of marketing [27,35]. The IM problem for
selecting a limited group of nodes in a social network and giving them a free/discounted prod-
ucts to spread the news about the product was first introduced by Domingos and Richardson [13]
and was soon accepted as a viable approach to calculated cascade initiation planning. Following
the introduction of IM problem, Kempe et al. [20] introduced two discrete-time diffusion mod-
els (the IC and LT models); they were the first to point out the submodularity property of the
corresponding objective functions. This allows one to directly use the guaranteed bound greedy
algorithm proposed by Nemhauser et al. [29] for seed-based IM.

The pioneering work of Kempe et al. [20] opened the door for exploring the algorithmic
aspects of diffusion in social networks [6,23,33], however, it ignored the time dimension of
the diffusion processes. The consideration of cascade initiation timing in IM was first given
by Chen et al. [8]: they define time-delayed diffusion processes and add a deadline into the
problem formulation and show that the standard IM heuristics tend to return poor results in such
a case. The temporal view of the IM problem is also presented by Goyal et al. [15] who study
the MINTIME IM problem where the objective lies in finding a limited set of seeds to ensure
the activation of a number of given nodes in the minimum possible time. Liu et al. [25] also
consider a time-constrained IM problem and prove the submodularity of the resulting influence
spread function. In a more recent effort, Dinh et al. [12] present the time-constrained IM problem
with deterministic thresholds in application to mass marketing and propose efficient algorithms
to solve such problems with tight bounds.

The above-mentioned literature distinguished the lack of analytical studies of time-constrained
IM and worked to analyse the temporal aspects of diffusion process in their models. However, all
of these papers focused on the complexity reduction of solution methods and provision of effi-
cient approximation algorithms with acceptable bounds. Exploiting the exact solution methods
(i.e. mathematical programming) for IM problems, Samadi et al. [30] were able to characterize
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the structure of optimal seeding strategies. Note that the original greedy algorithm for IM has a
rather loose bound, slightly better than 63%, and thus, has a limited ability for drawing general
insights about the behaviour of the optimal seed selection strategies. The present paper views the
campaign time horizon as an important problem component affecting strategic decision-making,
which affects the optimal seed selection strategy and the resulting intervention outcome.

In summary, compared to the existing literature, this paper employs the exact solution method-
ology using mathematical programming to uncover the impact of pre-set time horizon, also
referred to as deadline, on the behaviour of optimal cascade seed selection strategies under the
evidence-based diffusion models in social networks.

3. The analyses of intervention timing in maximizing the effect of Bayesian evidence
cascades

This section describes the structure of the Bayesian evidence-based PC diffusion model and
presents the mixed-integer program for optimizing the effect of positive interventions that are
explicitly time-dependent. The time till steady state is then studied to see how the decision-
maker can set the problem time horizon in a calculated way to ensure the stability of the optimal
solution.

3.1 PC diffusion model

In the PC diffusion model, a social network is represented by a directed graph G(N , A), with the
set of network nodes N and the set of arcs A. The PC model assumes that each network node is
testing the same binary hypothesis; the nodes exchange evidence about the hypothesis with each
other, period-by-period. Accepting (rejecting) the null hypothesis is equivalent to getting positive
(negative) activation, while the inactive state represents indecision. Thus, the nodes are viewed as
intelligent agents that collect all signals (evidence) from their socially connected peers (friends),
process the perceived signals, compare the total positive and negative evidence they have col-
lected so far against their own positive and negative threshold values, and finally decide whether
to accept the pre-defined hypothesis (become positively activated), reject (become negatively
activated) or remain undecided (become inactive).1 Note that the value of the positive and neg-
ative evidence transferred between nodes is calculated using the Bayesian inference logic [19].
The evidence spreads over discrete-time periods t = 0, 1, . . . , T , where T is the time horizon of
the diffusion process (deadline).

While node i ∈ N receives new evidence from its activated friends at each time period, it also
‘forgets’ (discounts) a portion β+ (β−) of the cumulative positive (negative) evidence it has col-
lected so far. At the same time, a node begins to provide positive (negative) evidence to its own
friends as soon as it becomes positively (negatively) activated, however, the amount of the evi-
dence it sends to friends diminishes over time (with the scaling factor α+ for positive evidence
and α− for negative evidence)—this is because the friends begin to recognize that the informa-
tion from the node is no longer new. The forgetfulness parameter β and the evidence efficiency
reduction parameter α play an important role in the PC diffusion process. The values of the
discount parameters α and β are set at the problem formulation stage. The discount parameters
control the intensity of evidence spread and make the diffusion process better mimic reality.

The objective function of the IM problem based on the PC diffusion model, unlike that based
on its time-independent counterparts, counts the total number of time periods with positive and
negative activation over all the nodes. The problem is thus set up to reflect the desire of decision-
maker to positively activate nodes and convert the negatively activated ones as soon as possible.
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Table 1. Definition of indices, input parameters and decision variables in mathematical problem.

Indices
i,j Node indices
t Time period index

Inputs
G(N , A) The influence graph; a directed graph with a set of nodes N and a set of arcs A
|N | Total number of nodes in the network
T Total number of time periods in the time horizon considered in the problem
|S+| Total number of positive seeds
θ+i The value of positive threshold for ith node
θ−i The value of negative threshold for ith node
e+ Maximum value of positive evidence a node can send in a single time period
e− Maximum value of negative evidence a node can send in a single time period
α+ Discount rate for the value of positive evidence sent by a positively activated node
α− Discount rate for the value of negative evidence sent by a negatively activated node
β+ The rate that each node forgets the previously received positive evidence
β− The rate that each node forgets the previously received negative evidence

S−i

{
1 if ith node is a negative seed
0 otherwise

Decision variables

Xit

{
1 if node i is positively activated at time t
0 otherwise

Yit

{
1 if node i is negatively activated at time t
0 otherwise

Lit Cumulative level of positive evidence for ith node at time t
Kit Cumulative level of negative evidence for ith node at time t
E+it The value of positive evidence that ith node provides for its neighbours at time t
E−it The value of negative evidence that ith node provides for its neighbours at time t

The impact of the activation timing on the objective function value makes the time horizon of the
problem an important factor that controls the sequence of positive and negative activations. The
notation used in the mathematical model for the PC-based optimization problem is summarized
in Table 1.

The mixed-integer programming model (P) for the PC model-based IM (PCIM) problem is
given as follows:

(P) max Z =
|N |∑
i=1

T∑
t=0

(Xit − Yit). (1)

Subject to:

Yit ≥ ((Kit − Lit)− θ−i )/M , i = 1, 2, . . . ,|N |, t = 0, 1, . . . , T , (2)

1− Xit ≥ (θ+i − (Lit − Kit))/M , i = 1, 2, . . . ,|N |, t = 0, 1, . . . , T , (3)

Xit + Yit ≤ 1, i = 1, 2, . . . ,|N |, t = 0, 1, . . . , T , (4)

Lit = β+Lit−1 +
∑

(j,i)∈A

E+jt−1, i = 1, 2, . . . ,|N |, t = 1, 2, . . ., T , (5)

Kit = β−Kit−1 +
∑

(j,i)∈A

E−jt−1, i = 1, 2, . . . ,|N |, t = 1, 2, . . . , T , (6)

Li0 = Xi0(θ
+
i ), i = 1, 2, . . . ,|N |, (7)

Ki0 = Yi0(θ
−
i + ε), i = 1, 2, . . . ,|N |, (8)
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E+it ≤ (α+E+it−1)+ (1− Xit−1) e+, i = 1, 2, . . . ,|N |, t = 1, 2, . . . , T , (9)

E+it ≤ e+(Xit), i = 1, 2, . . . ,|N |, t = 1, 2, . . . , T , (10)

E−it ≥ (α−E−it−1)+ (Yit − Yit−1) e−, i = 1, 2, . . . ,|N |, t = 1, 2, . . . , T , (11)

E−it ≤ e−(Yit), i = 1, 2, . . . ,|N |, t = 1, 2, . . . , T , (12)

E+i0 = Xi0 e+, i = 1, 2, . . . ,|N |, (13)

E−i0 = Yi0 e−, i = 1, 2, . . . ,|N |, (14)

Yi0 = S−i , i = 1, 2, . . . ,|N |, (15)

|N |∑
i=1

Xi0 ≤ |S+|, (16)

0 ≤ Lit, Kit, E+it , E−it , i = 1, 2, . . . ,|N |, t = 0, 1, . . . , T , (17)

Yit, Xit ∈ {0, 1}, i = 1, 2, . . . ,|N |, t = 0, 1, . . . , T . (18)

Constraints (2)–(4) ensure the correct modelling of positive and negative activation for those
nodes whose evidence surpasses the corresponding thresholds. Constraints (5)–(8) guarantee that
the evidence levels are updated correctly between time periods. The initial levels of positive (neg-
ative) evidence for positive seed nodes are set equal to the positive (negative) threshold value.
These conditions ensure that the seed will remain active in the initial time period of the diffusion
process. Constraints (9)–(12) control the level of positive (negative) evidence that the positively
(negatively) activated nodes transfer to their peers at each time period. Note that the parameter
α+ (α−) 2 discounts the transferred evidence as time passes (counting from the last activation
of a positively (negatively) activated node). Constraints (13) and (14) assign zero evidence to
all the non-seed nodes. The activation of the negative seeds is guaranteed by Constraint (15).
Constraint (16) ensures that the number of selected positive seeds does not exceed the pre-set
parameter. The variable sign-related constraints are expressed in (17) and (18).

The attained gain (loss) at each time period is defined to be the number of positively (nega-
tively) activated nodes. The objective function of (P) maximizes the decision-maker’s gain and
minimizes the loss over the time horizon of the problem.

Note that the presented mixed-integer programming approach may not be as efficient for IM
as the existing previously proposed heuristics. However, such heuristics are of no use to the
decision-maker who is interested in drawing insights about the structural properties of their prob-
lem’s optima. The insights, extracted using the presented mixed-integer programming method,
can become the backbone of new logic-based heuristic algorithms for IM problem. Furthermore,
once an appropriate time horizon for the campaign planning has been determined, the approx-
imation algorithms can be used to efficiently find solutions for the IM problem instances with
this horizon and guaranteed optimality gap. The present paper shows how mixed-integer pro-
gramming can serve the goal of studying the temporal aspects of social cascade propagation
dynamics.

3.2 Time horizon and cascade stability

A diffusion process is said to have reached stability when the activation status of the nodes
no longer changes over time. When positive and negative influence waves are competing in a
given network, the steady state is expected to occur either if the positive influence wins over
the negative influence, the negative influence wins over the positive influence, or if each of the
competitors conquers its own part of the network and no further expansion occurs. However,
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the experimental analyses presented in this section showcase that such situations are in fact only
‘mid-term’ steady states; the ‘long-term’ steady state of the cascade is heavily dependent on the
values of discount parameters (α and β). The developments in the algorithmic branch of IM so far
have been unable to explain/describe the long-term steady-state behaviour of diffusion processes
as they ignore any potential dropping of opinions/products in the absence of fresh influence.

The investigation of the long-term steady states of cascades under different settings of the
discount factor values produces insightful observations. Monolingual cascades with only one
type of activation, i.e. pure positive cascades (with positively activated and inactive nodes) and
pure negative cascades (with negatively activated and inactive nodes), are easier to observe and
describe. The first three cases presented henceforth explore the monolingual cascades, while
the last three cases study the bilingual cascades with both types of activation. Without loss of
generality, the monolingual cascades in the presented examples are assumed to be purely positive.

Case 1. Monolingual cascade with β = 0: setting β = 0 means that nodes in the network have
no memory and are termed ‘memory-less’: at the end of each time period, every node loses all
the evidence it collected so far. As a result, each node, even a strongly activated one, that has not
received new evidence at time period t will be inactive at time period t+ 1.

Proposition 1 A memory-less cascade initiated by the positively activated seeds in set S+

will die out after time t=1 regardless of the α value, if l e+ ≤ θ+i for each i ∈ N , where l =
maxi∈N (in-degreei).

Proof With l e+ ≤ θ+i , it is impossible for any seed to receive the positive evidence suffi-
cient for (further) activation, and as a result, all the seeds deactivate after one period. Similarly,
there is no non-seed node in the network that can receive enough positive evidence for positive
activation. As a result, the network has no activated nodes at any time beyond period 1. �

Note that if the presented condition on l value is relaxed in Proposition 1, the cascade may
exhibit a never-ending oscillatory behaviour: see an example in Figure 1, where two nodes with
reciprocated links alternate between positive activation and inactive states forever. The newly
activated nodes at each time period of the cascade form the cascade interface. When a cascade is
memory-less, the only impact of the α value is on the nodes that are part of cascade interface for
two consecutive time periods; such a situation is not possible with the given condition on l.

It is not common to see a totally memory-less cascade in practice. Sometimes, when people are
offered a free/discounted product, they may not genuinely like the product and only accept the
offer because ‘it’s free’: this behaviour can be modelled as an immediate loss of activation (β =
0); additionally, the same people might spread the word of the offer further to their friends, e.g. as
a campaign requirement (spreading e+ during the activated period), leading to the memory-less
diffusion. Another example of memory-less diffusion is a situation resulting from an extremely
discouraging event against the decision-maker’s product, e.g. an outbreak of an infectious disease
through a famous restaurant’s food, which leads to an unrelenting stream of criticism so that even
the most loyal customers lose trust in the restaurant. In politics, when a news report comes out

Figure 1. A never-ending oscillatory behaviour of a cascade with β = 0 and θ = 2. The green colour shows the
positive activation and the white colour denotes the inactive state [Colour online].
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about a scandal about a public figure, the supporters may instantly lose their previously collected
evidence in support of the person.

Case 2. Monolingual cascade with β = 1: this case concerns the emergence of monolingual
full-memory cascades—in situations when people never forget any evidence collected previ-
ously. In a full-memory cascade, a positively activated node never loses its activation as there
is neither forgetfulness nor opposite evidence. As such, the cascade interface at time t always
includes all the nodes on the interface at time t+1. In this situation, α plays an important role
in spreading the evidence and increasing the cascade interface. It is not difficult to show that
a monolingual full-memory cascade never dies out; at least the initial seeds keep their positive
activation.

Consider the case with β = 1 and α = 0; this setting reduces the PC diffusion model to the
well-known LT model with equal edge weights e+. Each activated node spreads the evidence
to its neighbours only once, i.e. in the time period immediately following its own entrance
to the cascade interface. With no evidence ever lost (by any node), an inactive node i ∈ N
becomes positively activated as soon as ni e+ ≥ θ+i , where ni is the number of positively acti-
vated in-neighbours of i. The low values of α help one model the situations where people do not
communicate frequently, and once convinced of something, speak their mind only once.

Now, assume β = α = 1: then, no node ever forgets any evidence, and positively activated
nodes spread it in the increments of e+ over the time horizon. It is straightforward to show that
even if e+ << θ+i for each i ∈ N , then given enough time, all the nodes in the network become
positively activated at some point, and then, keep their activation forever. Such a cascade can
be called explosive, where the total evidence in the network is constantly increasing and there is
nothing to discount the positive evidence.

Case 3. Monolingual cascade with 0 < α, β < 1: this case denotes the most realistic situation
for pure positive (negative) cascades in which discount factors are not at the extreme levels.
While experimental results of the cascades’ behaviour over the real social networks with 0 <

α, β < 1 suggest that such cascades die out in long term, we have found special cases of networks
and parameter settings that exemplify the situations when some or all nodes oscillate between
the active and neutral states forever. If the forgetfulness effect is set so that the seeds at some
point cannot initiate the next wave of activations, the cascade will die out. In this case, the seeds
are also destined to lose their activation even if they start strong. Proposition 6 describes the
situations where a cascade is guaranteed not to persist.

The monolingual cases studied so far do not consider the effect of competition (between
positive and negative evidence), which made their analyses easy. The bilingualism, i.e. the phe-
nomenon where both positive and negative evidence may co-exist, make the diffusion process
more difficult to explore.

Case 4. Bilingual cascade with β = 0: every cascade in a bilingual setting is likely to quickly
disappear when the forgetting of evidence is instant.

Proposition 2 A bilingual memory-less cascade initiated through set S+ of positive seeds and
set S− of negative seeds will die out after time t=1 regardless of the α value, if l e+ ≤ θ+i and
l e− ≤ θ−i for each i ∈ N , where l = maxi∈N (in-degreei).

Proof For each node i ∈ N that is not connected to both S+ and S−, this proposition can be
proven similar to Proposition 1. For a node j ∈ N located on the bridge between S+ and S−, the
evidence cancellation further aids node j in losing its activation fast. �

Case 5. Bilingual cascade with β = 1: the outcome of a bilingual full-memory cascade spread,
when both positive and negative evidence exists in the network, depends on the position of the
positive and negative seeds. Unlike the full-memory cascade in a monolingual cascade (case
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2), bilingual full-memory cascades can die out as a result of competing influences neutralizing
each other. Thus, a bilingual cascade with β = α = 1, is not necessarily explosive. Using the
methodology of case 2, one can show that if one of the competing sides wins over the other in
a bilingual full-memory cascade, the winner’s cascade never dies out unless external opposite
evidence is added to the network.

Proposition 3 In a full-memory cascade with set S+ of positive seeds and set S− of negative
seeds, both positive and negative cascades will remain alive if sets S+ and S− are not directly
connected and the following conditions are both satisfied:

|S+| e+
(

t∑
k=0

(
T
k

)
αk

)
≤ min

i∈N
θ+i , (19)

|S−| e−
(

t∑
k=0

(
T
k

)
αk

)
≤ min

i∈N
θ−i . (20)

Proof If sets S+ and S− are not directly connected, the positive and negative cascades can
be analysed independently of each other. Assume that node i ∈ N is connected (not necessarily
directly) to the positive seeds. The sequence of maximum possible positive evidence increments
that node i can receive over the time horizon of the problem is

A, (βA+ αA), (β2A+ αβA+ α2A), . . . , (βTA+ αβT−1 + · · · + αT−1βA+ αTA),

where A = |S+| e+ is the maximum positive evidence transferred to a non-seed node through the
seeds.

As node i does not forget any of its collected evidence and is not connected to the negative
seeds, its evidence level is non-decreasing over time. The cumulative level of evidence of node
i from the initial time period to time T (Seq+i (T)) is given as

Seq+i (T) ≤ (βTA+ αβT−1 + · · · + αT−1βA+ αTA) = A(α + β)T = |S+| e+
(

t∑
k=0

(
T
k

)
αk

)
.

(21)
If (19) is satisfied, node i cannot be positively activated over the time horizon of the problem.
Note that if node i is also connected to set S−—so that it receives the negative evidence as
well—it only helps neutralize the positive evidence faster, and hence, the proof remains valid.
Similarly, one can show that if (20) is satisfied, a node j ∈ N connected to set S− cannot get
the negative activation regardless of the positive evidence that it perceives. The satisfaction of
both (19) and (20) in a full-memory bilingual cascade guarantees that the positive and negative
seeds cannot reach out to other parts of the network; however, as β = 1, the seeds keep their own
activation. �

Note that the seeds in a cascade are not necessarily the nodes activated by an informed
decision-maker; instead, each positively (or negatively) activated node at the beginning of the
time horizon of the problem in a previously initiated cascade can be interpreted as a seed. As
an example of the cascade presented in case 5, consider two small groups of people following
two religions in a small town; each group strongly believes in their own doctrine and they do not
have any motivation to reach out to others and convert them into their religion (small α value).
In such a situation, if these two groups do not communicate with each other and keep their out-
going evidence very low, both groups keep their activation on their own turf for a long time.
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On the other hand, if they increase their territory and bring in new people so that a competition
eventually rises, the weaker cascade or even both of them can be eventually wiped out.

Case 6. Bilingual cascade with 0 < α, β < 1: the computational results for case 6, simi-
lar to the ones for case 3, showcase that the experiments with these settings tend to result in
full network deactivation, long term; however, there still exist special case examples where an
oscillatory behaviour is observed.

Proposition 4 In a bilingual diffusion process with 0 < α, β < 1, if the average evidence
gained by the nodes supporting a cascade (positive, negative or both) is less than the average
loss of supporting evidence, consistently, accumulated over a certain number of periods (e.g.
over any six periods) over time, then the cascades die out in the long term.

Proposition 4 can be proved by contradiction. First, note that the total evidence in the mod-
elled social systems is unlike the total energy in physics, which respects the conservation laws.
According to the PC model [30], evidence can (re)appear ‘from nowhere’ as activations take
place. However, one can still track how the total evidence in the system grows as a function of
the number of new activations in each period and the rate of the decrease α > 0 in the evidence
gain. Also, the total evidence loss can be evaluated consistent with the forgetfulness effect β < 1.
The main insight of Proposition 4 is that even if monitoring the whole network at the individual
node level is not feasible, the decision-maker may track the cascade evolution by computing
the accumulated gain/loss of evidence over time, e.g. over the time windows of certain duration
pre-set by the analyst. Since the evidence gain can be increased through advertisement or seed
activation, leading to new activations, this type of tracking can inform the decision-maker as to
when the new evidence should best be injected into the system to grow the total evidence in a
desirable way.

Case study 1 experimentally explores the spread of the positive and negative evidence in
networks and the dynamics of the cumulative evidence level of nodes en route to reaching the
long-term steady state, using the PC model (Figure 2).

Case study 1. This case study investigates the effect of parameters α, β and the number of
positive seeds (|S+|) on the mid-term and long-term steady states in a PCIM problem. The

Figure 2. Zachary’s karate club network; square nodes represent members of the first cluster and circle nodes represent
members of the second cluster.
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experiments have been performed over the Zachary’s karate club network, named Network 1,
a well-studied network in the literature on social network analysis. It contains 34 nodes repre-
senting the members of a karate club; the club became separated into two sub-clubs over the data
collection period, which created two distinct clusters [36] (see Network 1 in Figure 1).

In this case, the study of a pure positive campaign is carried on with Network 1; three positive
seeds are optimally selected and the maximum positive evidence value is set to be greater than
the positive threshold, for the cascade to evolve quickly from the start (e+ = 3.5 > θ+ = 2). In
order to see how the evidence level of nodes changes over time, the summation of the cumulative
positive evidence collected by all nodes is calculated over time and reported in Figure 3. The
results show that with α = 1 and β = 1, all the nodes become positively activated and reinforce
the positive activation through evidence exchange (case 2). As such, the linear growth of total
cumulative positive evidence persists over time—the cascade is explosive. On the other hand,
with α < 1 and β < 1, the summation of the cumulative positive evidence inevitably converges
to zero—under these settings, the long-term steady state is an inactive network (case 3). Note that
the maximum point of the concave graphs in Figure 3 does not necessarily represent the mid-
term steady state as the full positive activation can still occur (early) in the life of the cascade. In
Figure 3, the time period corresponding to the maximum total cumulative evidence observed in
the system for each experiment is marked with a red diamond. Also, for visualization purposes,
the diagram of Experiment 1 is truncated and presented just for the first 10 time periods.

The observations in Figure 3 acknowledge the convergence of the total evidence in the network
to zero in the long term. Moreover, Figure 3 shows how the levels of the discount parameters
affect the time to reach the long-term steady state. From a marketing point of view, such obser-
vations suggest that in a monopoly situation, the decision-maker with a strong image has to
concentrate on reducing the forgetfulness in the market rather than investing more into increas-
ing the number of seeds. Decreasing the forgetfulness as a long-term marketing strategy is in line
with increasing brand awareness, which has been discussed in the marketing literature over the
past decades [17,18,28].

For the exclusively positively fueled cascade, i.e. when no competitor interferes with the pos-
itive evidence spread, a sufficiently strong level of the initial evidence guarantees the positive
activation of the whole network. However, the total number of positive seeds affects the cascade

Figure 3. The summation of cumulative positive evidence in IM problem instances on Network 1 with |N | = 34,
θ+ = θ− = 2 and e+ = 3.5; Experiment 1: α = β = 1.0, Experiment 2: α = β = 0.95, Experiment 3: α = β = 0.8,
and Experiment 4: α = β = 0.4.
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(a) a = b = 0.8 (b) a = b = 0.4

Figure 4. The summation of cumulative positive evidence in IM problem instances on Network 1 with |N | = 34,
θ+ = θ− = 2 and e+ = 2.5.

speed. To highlight this trend, the experiment is repeated, with one positive seed placed in Net-
work 1 and the spread of the positive evidence tracked over time. Figure 4 reports the sum
of cumulative positive evidence over time for α+ = β+ = 0.4 and α+ = β+ = 0.8. The results
showcase that with fewer positive seeds (|S+| = 1), the cumulative positive evidence graph shifts
to the right, leading to a longer delay in reaching the long-term steady state. This observation
reveals an intuition-supported tradeoff: the decision-maker can either initiate a stronger cascade
with a faster spread and consequently an earlier arrival at the long-term steady state, or else, can
initiate a weaker cascade that will spread slowly, taking a longer time to reach the long-term
steady state. Proposition 5 proves that under no competition, an overly aggressive initiation of a
cascade not only fails to extend the cascade life time, but also, can make the cascade life time
shorter.

Proposition 5 In a pure positive cascade with a set of positive seeds sufficient for a full positive
activation of the network, under the non-zero discount factor, the addition of seeds to the initial
seed set does not increase the cascade life time.

Proof Assume that in a network with N nodes, set S1 with |S1| positive seeds is able to posi-
tively activate all the network at time t1f , and finally, the positive cascade dies out at time t1d .
Let set S2 be created by adding k nodes to set S1, i.e. S1 ⊂ S2; the cascade initiated through
set S2 spreads through the whole network at time t2f and dies out at time t2d . Now, suppose that
t2d > t1d , i.e. the resulting positive cascade of set S2 lasts longer than the positive cascade created
by set S1. At time t > t1f , the cumulative positive level of each node i ∈ N is given as

Lit ≤ (β+)(t−t1f )Lit1f +
t−t1f∑
l=1

(β+)(t−t1f−l)(α+)l e+(|N | − 1), (22)

and t1d is the minimum time t ∈ {t1f + 1, . . . ,∞} that guarantees the right hand side of (22) to
be less than θ+i for each node i ∈ N . Similarly, the cumulative level of positive evidence for each
node i ∈ N through the cascade of set S2 is given as

Lit ≤ (β+)(t−t2f )Lit2f +
t−t2f∑
l=1

(β+)(t−t2f−l)(α+)l e+(|N | − 1), (23)

where t2d is the smallest time period in which all the nodes in the network lose their positive
activation. Since t2d > t1d , (22) and (23) result in t2f > t1f , which means that the cascade ignited
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by set S1 reaches the full positive activation earlier than the cascade of set S2. With no opposite
evidence existing to alter the dynamics, this conclusion contradicts the assumption that S1 ⊂ S2.
Hence, the proposition is true. �

The results of case study 1 suggest that in the absence of competition, a less aggressive initia-
tion of the cascade helps the cascade last longer. Case study 2 shows that, even in the presence of
the weak competitor(s), a strong decision-maker can increase its own profit by letting the weak
competitor(s) stay alive in the market.

Case study 2. This case study explores the effect of competition on cascade persistence. The
purely positive cascade is compared with a type of competitive cascades (including both pos-
itive and negative evidence), in which the positive evidence is dominant. The experiments are
performed on two social networks: the Zachary’s karate club network (Network 1), presented
in case study 1, and the Mexican Political Elite network, named Network 2, capturing the key
connections within a powerful political group in Mexico [11].

In each experiment, an instance of the PCIM problem is first solved to optimality to find the
set of positive seeds and the objective function value. Then, a set of arbitrary nodes is selected
as negative seeds and the optimal solution is obtained. The maximum evidence values to transfer
between nodes are set so as to ensure that the positive evidence dominates over the negative
counterpart. The values of the discount parameters are varied to explore the persistence of the
positive evidence under different settings. The results are reported in Table 2.

The last two columns in Table 2 present the value of the objective function in a pure posi-
tive cascade and a competitive cascade, respectively. The results showcase that as the value of
discount parameters decreases, the presence of the opposite evidence in the network leads to
improved outcomes.

In both cases (positive and competitive cascades), the positive evidence spreads over the whole
network; when people do not forget the previously collected evidence and their evidence transfer
always has the same effect on their peers, the existence of the negative evidence just reduces a
part of the positive evidence spreading. In contrast, in the presence of the evidence-discounting
parameters, a positive cascade will spread through the whole network, and then, no new activa-
tion will happen. As such, the efficiency of the messages transferred between nodes will reduce
and soon the network will go to the long-term steady state. The presence of the negative evidence
creates a delay in reaching the long-term steady-state time. A positively activated node can lose
its positive activation as a result of the battle between positive and negative evidence and when
it gets its positive activation back, it will have a fresh evidence (e+) to transfer to peers which
can potentially improve the objective function value. The usefulness of a weak competitor for
a strong decision-maker in social cascade is the idea behind Conjecture 1, which can be proved
experimentally, but the theoretical proof is warranted.

Table 2. Computational results for persistence of positive evidence with and without competition.

Exp. index Dataset N T α+, α− β+, β− e+ e− |S+| |S−| Pos. Obj. Comp. Obj.

1 Network 1 34 25 1 1 2.5 0.6 3 3 852 839
2 Network 1 34 25 0.8 0.8 2.5 0.6 3 3 694 688
3 Network 1 34 20 0.4 0.4 2.5 0.6 3 3 147 152
4 Network 1 34 25 0.3 0.3 2.5 0.6 3 3 110 113
5 Network 1 34 25 0.2 0.2 2.5 0.6 3 3 110 113
6 Network 2 35 20 1 1 2.2 0.6 3 3 699 689
7 Network 2 35 20 0.8 0.8 2.2 0.6 3 3 696 686
8 Network 2 35 20 0.5 0.5 2.2 0.6 3 3 235 237
9 Network 2 35 20 0.3 0.3 2.2 0.6 3 3 144 147
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Figure 5. The objective value of IM problem on Network 1 with θ+ = θ− = 2; Exp. 1: N = 34, e+ = 3.6,
e− = 3.6, α+ = α− = 0.4, β+ = β− = 0.4, |S+| = 1, |S−| = 7, Exp. 2: N = 34, e+ = 1.0, e− = 1.0, α+ = α− = 0.4,
β+ = β− = 1.0, |S+| = 1, |S−| = 7, Exp. 3: N = 27, e+ = 2.3, e− = 2.3, α+ = α− = 0.7, β+ = β− = 0.7, |S+| = 4,
|S−| = 4.

Conjecture 1 The presence of the weak negative evidence makes the positive evidence more
persistent (helps it stay alive longer) in the network and delays the arrival to the long-term
steady state.

In a purely positive cascade, where the positive evidence inevitably conquers the whole net-
work, the choice of a seed selection strategy does not really matter; it does only when the positive
and negative evidence are in a close competition. When the competition is viewed as a game on a
network, the positive party (decision-maker) always gets an opportunity to observe the competi-
tor’s position before making their own intervention decisions. On the other hand, the negative
party has the opportunity to act first; a calculated decision by the negative party can put the com-
petition into a difficult position. In the case of a close competition, and given the wise decisions
made by the negative party, the longer problem time horizon provides the decision-maker with a
better opportunity to make the cascade profitable. Figure 5 gives the results of three experiments
on Network 1; the decisions of the negative party make the negative evidence dominant in short
cascades. Nevertheless, as the cascade time horizon increases, the decision-maker manipulates
the cascade in a way to eventually reach the positive objective values.

The main managerial insight of this case study is that in a market with the evidence-
discounting customers, it is beneficial for a company with a strong image to let the weak
competitors stay in the market. The weak competitors never get the edge but their presence
and the local battles that are regularly won and lost, work to make the dominating influence (of
the positive evidence) more persistent overall. Moreover, in a close competition (with strong and
smart competitor(s)), if the total gain is negative for the decision-maker in the short term, the
long time horizon allows the decision-maker to make the cascade eventually profitable, through
optimal seed selection.

3.3 The negative gain cascades

The IM problem has been originally designed and studied under the assumption that decision-
maker should be able to ignite a profitable cascade. However, in certain cases, depending on
the strength of a competitor, the strength of the positive evidence, and the position(s) of the
negative seeds, such an outcome might not be possible in PCIM. In such cases, the smaller time
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horizons, i.e. shorter campaigns, may be preferable—so that, if anything, the overall negative
gain is reduced.

Proposition 6 The set S+ of positive seeds is incapable of igniting a positive evidence cascade
in a social network when

e+|S+|
t∑

l=1

(β+)t−1(α+)l−1 < min
i∈N\S−

θ+i ∀ 1 ≤ t ≤ T .

Proof The best thing that the decision-maker can do to activate at least one node in the network
is to spread all the positive seeds around a single node i ∈ N \ S− so that

θ+i = argmin
j∈N\S−

θ+j .

The level of the cumulative positive evidence for node i at time t is given as

Lit ≤ e+|S+|
t∑

l=1

(β+)t−1(α+)l−1. (24)

The equality in (24) holds only if all the |S+| positive seeds are the neighbours of node i and
none of them loses its positive activation until time t. Now, if

Lit ≤ e+|S+|
t∑

l=1

(β+)t−1(α+)l−1 < θ+i ∀ 1 ≤ t ≤ T , (25)

then the positive seeds can never reach out to conquer the whole network. Note that Proposition 3
also holds with S− = ∅. �

Proposition 6 specifies the cases where the decision-maker faces the perspective of the non-
positive cascade spread no matter what their actions are. Such cases present interesting instances
of PCIM where the decision-maker is aware of being weak in the network and still works to fight
back, i.e. minimize/prevent the spread of the opposite evidence as much as possible.

3.4 The analyses of mid-term steady states in cascade formation

Proposition 1 shows that the mid-term steady states are not stable; the full network deactiva-
tion eventually follows. However, in a practical setting when a decision-maker is solving an IM
problem for optimal intervention timing, the characterization of the time to reaching a mid-term
steady state is worthwhile. This is because setting the PCIM problem time horizon value too low
may result in an optimal solution that is far from the one that would be best for the long-term
planning. On the other hand, setting it too high may drastically increase the solver runtime with
no added value to the solution quality.

Case study 3 explores the effect of the PC model parameters on the time till reaching a mid-
term steady state in an IM problem instance formulated with a real-world social network. The
evidence discount parameters in the instance are assumed to be small so that the cascade stays in
the mid-term steady state for a long time.

Case study 3. In using a time-sensitive diffusion model to solve an IM problem, the decision-
maker has to provide the time horizon value as part of the problem input. In many real-world
applications, setting the time horizon in a calculated way is a difficult problem in itself. While
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a low time horizon makes the problem easier from the computational effort standpoint, such a
setting may result in an optimal solution that will be unstable, suboptimal for the instances with
higher horizons, and hence, impractical. On the other hand, a solution to an instance with a very
high time horizon may not necessarily provide any gain over a solution to the problem with a
lower horizon, just because the mid-term steady state is reached in both instances.

This case study attacks the question of selecting an appropriate time horizon for the PCIM
problem. Assume Network 1 represents a market cluster, with a negative party present. The
negative party selected as one of its seed node 34—the node with maximum degree in Net-
work 1—and as the other seed node 31—a bridge node between the two clusters. A series of
experiments reveals how the time to reaching the mid-term steady state is affected by the model
parameters. Such investigations are only possible using diffusion-based optimization models:
for each set of parameters, the problem finds the optimal set of positive seeds and runs the diffu-
sion model to obtain the final result of the cascade. Such analyses inform the decision-maker’s
selection of the time horizon for each PCIM problem instance.

Figure 6 illustrates how the increment in the objective value of a PCIM instance over Network
1 changes per period, under the maximum positive and negative evidence values of (e+ and e−).
The increment stabilizing at a particular value signals that the cascade reaches an equilibrium:
i.e. either the whole network gets the same activation or the nodes are activated in such a way
that none of them can change their activation.

The results of the experiments reported in Figure 6 reveal that when one of the competing
parties (positive or negative) is dominant, the cascade reaches the stability faster. Closer com-
petitions, on the other hand, delays the arrival to a steady state. In most of the experiments, the
mid-term steady state corresponds to extreme positive or negative values. Note that the incre-
ment of the objective value is always greater than or equal to −|N | and less than or equal to
+|N |; when the whole network is positively (negatively) activated, the marginal change is equal
to +|N | (−|N |). Only in one of the experiments (illustrated in Figure 6 (e)) the cascade was
observed to arrive at a steady state with the increment stabilizing close to zero, which for this
instance signals a ‘close tie/draw’ equilibrium between positive and negative forces.

The presented experiments provide an insight into the appropriate time horizon setting strategy
that ensures the identification of stable optimal strategies. When a cascade reaches stability,
running the PCIM for a longer time horizon is expected to present the same optimal solution.
Importantly, the above experiments only consider the effect of maximum evidence values while
all the PC model parameters can potentially affect the appropriate time horizon.

In order to investigate the effect of all the PC model parameters, and possibly the joint
effects, on the time horizon required for the solution stability, an experimental design approach is

Figure 6. The marginal increment of the objective value (Y ) of IM instances on Network 1 over time (X ) with N = 34,
θ+ = θ− = 2, α+ = α− = 0.97, β+ = β− = 0.97, |S+| = 1, |S−| = 2.
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Table 3. Experimental levels of parameters in factorial design.

Parameter +1 −1 0

e+ 3.6 1.0 2.3
e− 3.6 1.0 2.3
α 1.0 0.4 0.7
β 1.0 0.4 0.7
|S+| 7 1.0 4
|S−| 7 1.0 4
|N | 34 20 27

employed. A two-level fractional factorial experiment including a centre point is designed with
resolution IV so that the main effects are confounded with three-way interactions. Table 3 shows
the levels selected for this test.

Note that the presented experiment needs the stable time horizon to be set in a calculated
way, for each given set of parameters, to extract the most important factors impacting cascade
stability. To find the stable time horizon for each set of parameters, a series of optimization
instances needs to be solved to optimality, iteratively. In this section, the idea of Proposition 1 is
used to develop a structured algorithm, named Iterative Cplex-Based Cascade Stability (ICBCS)
algorithm, for finding stable time horizon of cascades. Given the fact that a cascade reaches
mid-term stability in full positive activation, full negative activation, or an equilibrium between
the positive and negative sides, ICBCS iteratively solves the instances of IM problem with the
increasing time horizon (T) until the stability requirement, defined as the equal marginal change
in the optimal objective value over a pre-defined number of instances (δ), is met. When the
process stops, T − δ is reported as the minimum time horizon, in which the cascade reaches
stability. In order to make the algorithm more efficient, the maximum Cplex runtime for each
IM problem instance is defined by parameter H (set to 24 h in the experiments presented in
this paper). When the Cplex runtime exceeds H hours for an IM instance, the algorithm aborts
optimization. In this case, Cplex works as a heuristic algorithm and reports the best feasible
solution found so far. If the reported heuristic gap is less than the acceptable heuristic gap (ε),
the feasible solution is accepted and used for finding a stable time horizon. Typically, Cplex
quickly converges to the optimal solution of the IM problem (less than 5% gap around the optimal
solution) but it takes it a long time to prune all the branches in the branch and bound process
en route to proving the optimality. As such, the presented procedure in the ICBCS algorithm
is expected to work well even if the Cplex search algorithm is aborted after a long time of
execution.

Increasing the required consecutive instances of PCIM with equal marginal change of the
objective value (δ) as the stopping criteria of the ICBCS algorithm increases the accuracy of
the results. However, this accuracy increment comes at the cost of algorithm runtime: as the
algorithm goes forward, the time horizon of the PCIM instance and Cplex runtime both increase.
Efficient, yet stable, value of δ parameter needs to be experimentally defined. In the presented
experiments of this section δ is set to 3.

The treatment combinations and the resulting steady-state times are illustrated in Table 4.
In this work, the ICBCS algorithm is implemented using Concert Technology in JAVA and
the commercial solver CPLEX 12.5. Also, the analysis of the fractional factorial design is
performed using Minitab 17. All the experiments have been performed on a desktop with
Intel(R)Core(TM)i3 3.3GHz processor, with 8GB RAM and 64 bit operating system.

The results of the analysis of variance in Table 5 suggest that with the 90% confidence level,
one can conclude that the two factors β and |S−| significantly affect the required time till the
cascade stability. Since, the curvature is not significant, the linear first-order model suffices; the
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Table 4. Fractional factorial design structure.

Treatment index e+ e− α β |S+| |S−| |N | Stability time

1 −1 +1 +1 +1 −1 +1 −1 4
2 +1 −1 +1 −1 −1 +1 −1 8
3 +1 −1 −1 −1 +1 −1 +1 3
4 +1 −1 +1 +1 −1 −1 +1 5
5 +1 +1 +1 +1 +1 +1 +1 15
6 −1 +1 +1 −1 −1 −1 +1 3
7 +1 +1 −1 +1 −1 −1 −1 6
8 0 0 0 0 0 0 0 13
9 −1 +1 −1 −1 +1 +1 −1 7
10 +1 +1 +1 −1 +1 −1 −1 1
11 −1 −1 −1 +1 −1 +1 +1 19
12 −1 −1 +1 −1 +1 +1 +1 6
13 +1 −1 −1 +1 +1 +1 −1 6
14 −1 −1 −1 −1 −1 −1 −1 1
15 −1 −1 +1 +1 +1 −1 −1 13
16 −1 +1 −1 +1 +1 −1 +1 4
17 +1 +1 −1 −1 −1 +1 +1 7

Algorithm 1 - Iterative Cplex-Based Cascade Stability Algorithm
Initialize Params; /* Initializes the problem parameters except T*/
Initialize γ ; /* Initializes the maximum acceptable difference in consecutive optimal values */
Initialize ε; /* Initializes the maximum acceptable optimality gap for Cplex */
Initialize δ; /* Initializes the minimum number of fixed optimal values required for stability */
Initialize T ′; /* Initializes the maximum time horizon to be investigated*/
Initialize H ; /* Initializes the maximum Cplex runtime (in hour) for each problem instance */
C = 0; /* Initializes the number of fixed optimal values*/
O∗p = O∗n = M ; /* Initializes the current and previous optimal values with a very large positive number */
M ∗p = M ∗n = 0; /* Initializes the current and previous marginal values with zero */
for t← 1 to T ′ do

RunCplex(Params, T); /* Runs Cplex for IM problem using given parameters and T */
if Cplex Time < H then

O∗n = Cplex Sol. ; /* Stores the optimal objective value as the current optimal value */
else do

if Cplex Gap < ε then
O∗n = Cplex best sol. ; /* Stores the best feasible solution found so far as the current optimal value */

else do
OutOfTimeError(); ; /* Returns out of time error and no optimal value to report*/
Break(); /* Stops continuing the for loop*/

end if
end if
M ∗n = abs(O∗p − O∗n) /* Stores the new marginal value using the new and previous optimal values */
if abs(M ∗p −M ∗n ) < γ then

C+ = 1; /* Increases the number of fixed consecutive optimal values */
if C >= δ then

Return T − δ; /* Reports the minimum stable time horizon */
Break(); /* Stops continuing the for loop; the solution is found */

end if
O∗p = O∗n /* Stores the current optimal value as the previous optimal value for the next iteration */
M ∗p = M ∗n /* Stores the current marginal value as the previous marginal value for the next iteration */

end for

insignificant factors are then removed from the model and the model is re-run. The results of the
model with two significant factors are reported in Table 6.

The two distilled main effects are both significant in the reduced model. However, the main
effects are confounded with three-way interactions; such interactions must be investigated to
ensure about the possible important effects. The confounding interactions are illustrated in
Table 7.
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Table 5. Analysis of the variance with statistical significance of 90%.

Source F-value p-Value

e+ 0.07 0.793
e− 0.50 0.5
α 0.00 0.958
β 3.62 0.093∗
|S+| 0.00 0.958
|S−| 4.05 0.079∗
|N | 30.86 0.382
Curvature 1.78 0.219

∗Marked results have 90% confidence (α = 10%).

Table 6. Analysis of the variance for significant factors.

Source F-value p-Value

β 4.53 0.052∗
|S−| 5.06 0.041∗

∗Marked results have 90% confidence (α = 10%).

Table 7. Confounding interactions.

Main effect Three-way interactions

β e+α|N | + e+|S−||S+| + e−α|S−| + e−|S+||N |
|S−| e+e−|N | + e+β|S−| + e−αβ + α|S+||N |

As the confounding three-way interactions mainly include insignificant factors, the main
effects are more likely to be the real effects in the model. The simplest first-order model is
given as

Time = 7.059+ 2.19β + 2.31|S−|. (26)

Figure 7. Main effect plot.
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The main effect plots are presented in Figure 7. The time to reaching the cascade stability
increases with an increase in any of the selected effects. Increasing |S−| makes the problem
setting more competitive, and the competition is expected to delay the stability of the cascade.
Increasing the β parameter, on the other hand, decreases the evidence-discounting rate in the
model, and as a result, each node takes longer to lose their activation. The results are quite
intuitive; however, the fact that they were confirmed in a black box experiment is reassuring.

4. Discussion

This paper explores the temporal aspects of evidence diffusion processes over social networks.
The theoretical investigations with the PC diffusion model, a time-dependent and evidence-based
model of diffusion, reveal that the presence of the evidence discount factors strongly affects the
behaviour of the cascade in the long term. The paper introduces the notion of ‘mid-term steady
state’, in which the seed selection solution stabilizes before the cascade disappears, and that of
‘long-term steady state’, when the cascade dies out. The time to reaching mid-term steady state
is important for setting a reasonable cascade time horizon for a seed selection optimization prob-
lem instance, while the time till long-term steady state is important from a cascade planning point
of view.

The studies of the diffusion in the presence of competition showcase that the long-term steady
state depends on the presence and the strength of the competitor(s). While the competitor(s)’
presence is generally expected to work against the decision-maker’s (positive evidence) cascade,
the presence of weak competitor(s) leads to such a one-sided battle between the positive and
negative camps that makes the positive evidence more persistent (long-lasting), by delaying the
long-term steady state. The experimental results also suggest that the aggressive initiation of a
cascade in a competition with weak competitor(s) may not be necessarily optimal. The paper
theoretically proves that in some cascades, when a large number of opposing seeds are activated
in the network and the decision-maker has a low budget for activating seeds, the cascade becomes
purely negative, i.e. that the positive evidence can never win out. In such cases, the decision-
maker has no chance to grow its own cascade and must focus on blocking the spread of the
opposite evidence.

In a diffusion process with a deadline (time horizon), the stability of the seed selection strate-
gies depends on the model parameters. Due to the complex structure of the diffusion models and
the competition between the opposing sides for the network dominance, it is not easy to find a
time horizon that would guarantee a stable optimal solution (a seed set that would be optimal in
the long term). In order to find the cascade factors with a statistically significant effect on the
time till the solution stability, a fractional factorial experiment is designed and the results reveal
that the forgetfulness parameter as well as the number of opposing seeds in the network are the
two significant factors.

This paper opens up a new research area—that of planning longitudinal cascades over social
networks. Since all the cascades, even strong and non-competitive ones, eventually die out due
to forgetfulness, a decision-maker needs to plan for the introduction/injection of new evidence
into the network to keep the cascade alive. Also, a decision-maker might want to keep weak
competitors alive, or even create a dummy opponent in the network, to make the positive cascade
long-lasting. The future studies can investigate the dependency of the mid-term and long-term
steady states on the graph-based metrics such as the average degree or network diameter.

Acknowledgments

The authors acknowledge the anonymous referees whose remarks improved the quality of this paper significantly. The
authors also acknowledge the funding agencies for the support.



310 M. Samadi et al.

Disclosure statement

No potential conflict of interest was reported by the authors.

Funding

While contributing to this work, the second author was supported in part by the Academy of Finland [grant number
268078] (MineSocMed), and in part by the 2015 U.S. Air Force Summer Faculty Fellowship Program, sponsored by the
Air Force Office of Scientific Research. This support is gratefully acknowledged.

Notes

1. An interested reader may refer to Samadi et al. [30] for a comprehensive discussion of using Bayesian hypothesis
for IM modelling and mathematical programming for solving the resulting problem instances.

2. Throughout this paper, whenever α (β) is used, it refers to the equal value of α+ and α− (β+ and β−).
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